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Zusammenfassung
Im Laufe des 20. Jahrhunderts haben Faserverbundwerkstoffe ihre hervorragenden
mechanischen Eigenschaften bewiesen. Vor allem aufgrund des hohen Verhältnisses von
Steifigkeit und Festigkeit zu Eigengewicht erfährt die Faserverbundwerkstoffproduktion
ein exponentielles Wachstum. Die anisotrope Materialstruktur und die starke Streuung
der mechanischen Eigenschaften der Einzelkomponenten macht die Bemessung jedoch
zu einer hochkomplexen Aufgabe. Diese Tatsache spiegelt sich in einer ganzen Reihe
von Modellierungsansätzen.
Die Doktorarbeit beschreibt einen auf probabilistischen Methoden basierten Model-
lierungsrahmen. Das Verhalten von undirektionalen, zugbelasteten Verbundwerkstof-
fen mit spröder Matrix wird durch den Mittelwert der betrachteten Größe repräsentiert.
Angesichts der zufälligen Natur der Versagensmechanismen der in Verbundwerkstof-
fen eigesetzten spröden Mikrofasern sind Modelle, deren Parameter als Zufallsvari-
ablen definieren sind, ein vielversprechender Ansatz für die präzise Darstellung des
Verbundwerkstoffverhaltens.
In der vorliegenden Doktorarbeit wird ein mehrskaliges Modell auf den folgenden Ebe-
nen definiert:
• Mikroebene: individuelle Fasern und der Faser-Matrix Verbund
• Mesoebene: isolierte Rissüberbrückung mit verschmierten Fasereigenschaften
• Macroebene: Faserverbundwerkstoff mit multipler, serieller Rissbildung
Das Verhalten von Verbundwerkstoffen wird im Bezug auf die Bemessung Untersucht,
d.h. sowohl der Grenzzustand der Tragfähigkeit als auch der Grenzzustand der Ge-
brauchstauglichkeit werden in Betracht gezogen. Der entwickelte Simulationsrahmen
ist damit ein praxisrelevantes Werkzeug für die Analyse, Optimierung und probabilistis-
che Bemessung von unidirektionalen Verbundwerkstoffen.
Basierend auf den Ansätzen der Arbeitsgruppe "Numerische Modellierung" innerhalb
des Sonderforschungsbereiches Textilbewehrter Beton - Grundlagen für die Entwick-
lung einer neuartigen Technologie [18, 110, 129] entwickelt der Autor dieser Doktorar-
beit die Analyse auf der Mesoebene und Makroebene weiter. Der Simulationsrahmen
wird um die Mechanik von Kurzfasern und hybride Bewehrung erweitert. Desweiteren
wird die elastische Verformung der Matrix untersucht, eine detailierte Analyse der Faser-
schädigung vorgenommen und die statistische Beschreibung von Rissbreiten durchge-
führt. Auf der Ebene der multiplen Rissbildung mit zufälliger Matrixfestigkeit wird
ein Model formuliert, das weder a priori Information über das abgeschlossene Rissbild,
noch andere heuristische Rechenschritte benötigt.
Abstract
Fibrous composites have proved their exceptional mechanical properties throughout the
20th century. Especially due to their high stiffness and strength to weight ratio the use
of fibrous composites is exponentially growing. Since the material structure is highly
anisotropic and the constituents exhibit random features, the design is a challenging
task. This fact is reflected in an overwhelming number of modeling approaches that
have been formulated to date.
This thesis describes a modeling framework that is based on a special class of mechan-
ical models – probabilistic models. The behavior of unidirectional composites with
brittle matrix subjected to tensile loading is studied by evaluating their statistical aver-
age response. Considering the highly random nature of geometry, bond and failure of
the reinforcing micro-fibers, models involving parameters as random variables are the
appropriate approach to an accurate simulation of the composite mechanics.
A multiscale model is described in this thesis with three distinguished scales:
• Micro-scale: individual fibers and fiber-matrix bond
• Meso-scale: single composite crack bridge with smeared fiber properties
• Macro-scale: composite with multiple, serially coupled matrix cracks
The composite response is thoroughly examined from the view point of engineering
design, i.e. serviceability limit state as well as ultimate limit state are considered. Thus
the developed modeling framework is a practice relevant comprehensive tool for the
analysis, optimization and probabilistic design of unidirectional composites.
Based on the work of the numerical modeling group of the multidisciplinary project SFB
523 Textile reinforced concrete – the development of a new material [18, 110, 129], the
author of this thesis further develops the analytics at the meso scale (crack bridge) and
the macro scale (multiple cracking). In particular, the modeling framework is extended
to cover also the mechanics of short fibers and hybrid reinforcement, it includes the ef-
fect of elastic deformations of the matrix, a thorough statistical analysis of fiber damage
and the evaluation of crack widths and their statistical distribution. Considering the mul-
tiple cracking level, a model involving the random matrix strength is formulated, which
allows for robust predictive capabilities without requirement of a priori information on
the saturated state or other heuristic inputs as is the case in most existing models.
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Nomenclature
In the following, a list of relevant units and symbols is given.
Units
Force N, kN
Stress MPa, GPa
Strain ‰
Length mm, cm, m
Yarn fineness tex
Small latin letters
`CS crack spacing
`ρ autocorrelation length
a debonded length
a1 debonded length for one-sided debonding
kf number of crack bridging short fibers
ls stress transfer length
m Weibull modulus of fiber strength
nsf number of fibers
r fiber radius
u composite displacement
um matrix displacement
w crack width
v
Capital latin letters
X vector of random variables
COV coefficient of variation
D variance operator
E expectation operator
Ac composite cross-sectional area
Af,tot total cross-sectional area of fibers
Af fiber cross-sectional area
Am matrix cross-sectional area
Ec composite modulus of elasticity
Ef fiber modulus of elasticity
Em matrix modulus of elasticity
Gξ distribution function of the strength of fiber-in-composite (general)
GCBeξ distribution function of the strength of fiber-in-composite (elastic matrix)
GCBrξ distribution function of the strength of fiber-in-composite (rigid matrix)
GMCξ distribution function of the strength of fiber-in-composite (multiple crack-
ing)
Kcs compound stiffness of matrix and bonded fibers
L↓ shorter distance to a neighboring symmetry point
L↑ larger distance to a neighboring symmetry point
T bond intensity = fiber stress derivative
Tz bond intensity as a function of the longitudinal position
Vf fiber volume fraction
Vm matrix volume fraction
Vf\a debonded fiber volume fraction
Vfξ broken fiber volume fraction
Vfa bonded fiber volume fraction
vi
Small greek letters
µ` average pullout length
µT mean value of bond intensity
µσc mean composite stress
µεf0 mean value of fiber strain at crack position
µεf fiber strain at z
µKcs,X
µt,X mean bond intensity
µVfa volume fraction of debonded fibers
νf dimensionless fiber cross-sectional area
ψ Weibull modulus of the matrix strength
σ applied composite stress
σmu matrix strength
σm matrix stress
σu composite strength
σc,X random composite stress
σc composite stress
ε0 scale parameter of fiber strength distribution
εc average composite strain
εmu ultimate matrix strain
εm matrix strain
ε ′m matrix strain derivative with respect to the longitudinal axis
εc composite (pseudo) strain
εf0,X fiber strain at crack position as a function of the random variables X
εf0 fiber strain at crack position
εf,X fiber strain at z as a function of the random variables X
ε ′f,X derivative of the random fiber strain with respect to z
εV0 reference fiber volume
ϕc short fiber inclination angle with respect to the crack plane
Capital greek letters
Γ gamma function
vii

1 Introduction
1.1 Motivation
In the end of the 20th century, fibrous composites have conquered territories that had
been so far dominated exclusively by traditional materials. Especially in the automotive
industry, aviation and sport, but increasingly also in civil engineering, fibrous compos-
ites have become the material of choice because of their high stiffness and strength to
weight ratios. Predictions for the near future anticipate an eightfold increase in the pro-
duction volume of micro fibers for reinforcement in composite materials by 2020 along
with sinking production costs.
Although composites are the right way towards efficient material exploitation, their high
anisotropy, complex stress redistribution and damage localization processes and variety
of failure modes make designing them a challenging task. In addition, measures rele-
vant to structural design such as strength, stiffness, toughness and crack widths, depend
not only on the mechanical properties of the individual constituents but also on their
interface and the geometrical dimensions of a structure (size effect). Consequently, the
number of models that intend to simulate the mechanical behavior of composites and
their limit states is overwhelming.
Recently, fibrous yarns have found a promising application as reinforcement in cemen-
titious matrix to form a novel composite material – textile reinforced concrete (TRC).
Since the cementitious matrix can typically not penetrate the fibrous reinforcement com-
pletely, individual fibers significantly differ in bond quality and the reinforcement be-
comes highly heterogeneous. This feature introduces new factors into the mechanics of
composites which have to be considered in the design process.
Fig. 1.1 shows experimental results that highlight the differences between the tensile
behavior of a single filament, a multifilament yarn, a single TRC crack bridge and a
multiply cracked TRC composite. Clearly, the differences are considerable and need to
be properly investigated, modeled and explained by mechanical models.
The proposed thesis focuses on the multi-scale simulation of unidirectional brittle ma-
trix composites (BMC) with heterogeneous reinforcement subjected to tensile loading
and fills the gap in scientific literature on probabilistic modeling of composites. Ten-
dencies in strength and toughness behavior depicted in Fig. 1.1 will be given a robust
mechanical-probabilistic frame and factors affecting the mechanisms will be thoroughly
examined and explained.
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Figure 1.1: Comparison of experiments on carbon fibers in various constitutions: single
filament; multifilament yarn; single crack bridge in TRC (∗strain measure-
ment for the single crack bridge experiment is not possible because of the
non-defined reference length); tensile test of TRC with multiple cracking.
1.2 Goal setting
The main goals of this work can be summarized as follows:
(1) Provide a simulation environment for the tensile behavior of fibrous composites
with heterogeneous reinforcement.
(2) Perform parametric studies to examine qualitative tendencies and indicative values
for the design of composites.
(3) Validate the predictive capabilities of the proposed model on experiments with
textile reinforced concrete.
1.3 Overview of the dissertation
This thesis is a continuation of the work published by Konrad in his doctoral thesis
[73]. It describes a comprehensive simulation system for the analysis, optimization and
probabilistic design of the tensile properties of composites with various enhancements
and new findings based on the work of Konrad. The multi-scale modeling framework
takes into consideration the reinforcement heterogeneity and fiber interaction both in
parallel (due to the elastic deformation of the matrix) and in series (due to interacting
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serial cracks). Following measures relevant to the main design criteria for the life-cycle
of a structure are provided by the simulation tool:
• Stress-strain relationship – addressing the serviceability of a structure;
• matrix crack widths – addressing the durability of a structure;
• strength – addressing the ultimate state of a structure.
The modeling framework not only allows predictions of these mechanical characteristics
when material, interface and geometrical properties are modified, but also of transitions
between the different mechanical constitutions of unidirectional composites – the single
crack bridge and multiple cracking:
Single crack bridge
For the simulation of a single composite crack bridge, a probabilistic crack bridge model
was developed. Fibers bridging a matrix crack are considered as individual shear-lag
models with constant bond strength at the fiber-matrix interface. The fiber strength, bond
strength and geometrical properties of individual fibers are considered as random.
Multiple cracking
Composite structures with brittle matrix are designed to exhibit quasi-ductile behavior
due to multiple matrix cracking and fiber debonding. The developed stochastic cracking
model presented in this thesis simulates the behavior of serially coupled crack bridges
with interacting fibers both in the transversal and longitudinal direction. It is able to sim-
ulate the stress-strain behavior of a composite as well as its ultimate state, and determine
the statistical distribution of crack widths.
The core of the thesis is structured in the following 5 chapters:
• Chapter 2: State of the art
• Chapter 3: Crack bridge with rigid matrix – independent fibers
• Chapter 4: Crack bridge with elastic matrix – interacting fibers
• Chapter 5: Stochastic cracking model
• Chapter 6: Validation of the modeling framework
Summary of chapter 2
The problem is formulated and an overview of state of the art on modeling approaches
is provided. A special emphasis is given to probabilistic aspects of mechanics of series-
parallel systems. A closer look it taken on the weakest link concept together with the
related statistics, fiber bundle models and load sharing mechanisms.
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Summary of chapter 3
Detailed characterization of a single matrix crack bridged by heterogeneous reinforce-
ment is given. Stiffness, strength and crack opening are studied with respect to material
parameters. A simplified model with independent fibers (rigid matrix) is presented. This
model is based on the analytical crack bridge model due to [73] but extends it by the sta-
tistical formulation of fiber failure taking into consideration the strength variations along
the fibers and by the contribution of fiber pullout. Extensions of this model provided in
the chapter include short fibers and hybrid reinforcement (various fiber types).
Summary of chapter 4
This chapter studies a single crack bridge as was the case in chapter 3, but additionally
takes into account elastic deformations of the matrix. This enhancement allows for the
evaluation of the matrix strain state, which is a necessary state variable for the multiple
cracking model to be formulated. Boundary conditions of fiber debonding presented in
this chapter prepare the interaction effect of serially coupled cracks in a multiply cracked
composite.
Summary of chapter 5
A numerical stochastic cracking model is formulated to simulate multiply cracked com-
posites. It involves a series of single crack bridge models with symmetry conditions due
to the influence of adjacent cracks. The model evaluates not only the stress-strain behav-
ior and the ultimate failure of unidirectional composites but also the crack widths. In or-
der to simulate the matrix cracks subsequently emerging during monotonically increased
tensile loading, the matrix strength is modeled as an autocorrelated random field.
An interesting connection between the crack spacing and the strength of composites
with heterogeneous reinforcement is revealed and explained both mathematically and
phenomenologically. Increased crack density is shown to have a homogenizing effect
on the heterogeneous reinforcement and thus increases the composite strength.
Summary of chapter 6
The last chapter presents a validation of the modeling framework. Double sided pullout
tests and tensile test on textile reinforced concrete with variable reinforcement ratios are
conducted in the course of a calibration-prediction-validation loop.
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2 State of the art
2.1 Problem formulation
The combination of brittle matrix (ceramic, cementitious) with fibrous reinforcement
provides the possibility to design composites with tuned properties, in particular with
a favorable quasi-ductile behavior and high load bearing capacity [28, 100]. The high
tensile stiffness and strength of micro-fibers that create the load bearing component in
brittle matrix composites can only be utilized if cracks form in the matrix. Fibers then
stretch and transmit tensile load between the crack planes. Upon further loading, the
fibers debond in order to build up additional stress and the matrix cracks open. This is a
nonlinear process with increasing compliance so that a composite crack bridge behaves
ductile given that fibers can freely debond along the fiber-matrix interface [38, 58, 116].
The total debonded length, and thus the compliance, grows with the applied load and
fiber radius, and decreases with the bond strength [2, 23, 57, 86].
When loaded in tension, well designed brittle matrix composites exhibit multiple cracks
developing in the matrix perpendicularly to the loading direction over a range of applied
stresses up to a state of crack saturation and ultimate failure [2,3,25,26,39,61,80,101].
During this process, which is accompanied by damage evolution and significant stress
redistribution [34, 66, 76, 90, 94, 126, 134], fibers debond in all crack bridges. Starting
from the crack planes, the debonding process advances until the debonded zones meet
between two adjacent matrix cracks. From that point on fibers behave like fixed between
the cracks and the compliance of crack bridges upon further crack opening remains con-
stant (if not affected by growing fiber damage). The qualitative and quantitative char-
acteristics of the whole stress-strain response of composites depend on the mechanical,
geometrical (size effect) [31,33,66,101,102] and statistical properties of the constituents
and their interface [135, 139].
In order to achieve optimal mechanical behavior of brittle matrix composites in terms
of ductility and strength, the reinforcing fibers must have a high stiffness and breaking
strain and the reinforcement ratio must exceed a critical value so that the applied load
can be taken over by the reinforcement when the matrix cracks. The bond between fibers
and matrix should be adjusted in a way that the trade-off between the shortest possible
transmission (debonded) length and composite ductility is optimized. If the bond is too
strong, fibers will experience high stress concentrations at the matrix crack planes, so
that the cracks will, in the extreme case, propagate through the composite like through
a continuum. On the other hand, if the bond is too low, the cracks will open widely
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with a high compliance and the crack density will be very low [28, 123]. The bond
optimization is subject to an extensive research focusing on various methods for fiber
surface treatments.
The work referenced so far covers a large number of models that describe the mechanical
behavior of composites with homogeneous bond and reinforcement properties, i.e. iden-
tical behavior of all fibers. In reality, fibers will differ in stiffness, geometry and bond
to the matrix resulting in non-uniform stress state among individual fibers. Especially
in TRC, which is the material used for validation experiments in this thesis, heterogene-
ity due to irregular penetration of the reinforcing yarns by the cementitious matrix is
significant. Experimental observations regarding TRC [108, 131] yield in some aspects
reversed tendencies than predicted by existing models for composites with homogeneous
reinforcement [25, 101, 102].
The following sections present some aspects of the composite simulation. General mod-
eling approach with brief reference to existing models is presented in Sec. 2.2. In the
following Sec. 2.3 and Sec. 2.4, failure of brittle fibers with random strength arranged in
parallel is described. In Sec. 2.5, the general models are applied to fibrous composites
and specific aspects of this application are discussed.
This chapter aims to provide a rough overview on composites mechanics, damage and
failure. More specific issues, like the models for random matrix cracking or strength
of fibers with non-uniform stress states, will be analyzed in the relevant chapters in
connection with the particular problem.
2.2 Modeling approaches
Two main categories of models for the mechanical behavior of composites can be dis-
tinguished: empirical and mechanical. Empirical models based on extensive exper-
imental investigation meet the needs of standardized production in the industry and
usually use simple analytical formulas. Mechanical models, which shall be the fo-
cus of the proposed thesis, reflect the mechanical behavior of composites in terms of
physical processes described by corresponding theories. While empirical models are
not limited by the geometry of the analyzed composite and the load case, mechanical
models usually consider elementary geometries and loading configurations. However,
contrary to empirical models, mechanical models allow for a comprehensive interpreta-
tion of the mechanical behavior of composites [1, 34, 122, 123] including their ultimate
state [28, 52, 66, 101, 112, 133]. Most importantly, mechanical models provide robust
predictive tools, while the predictive capabilities of empirical models are rather limited,
especially in the extrapolation range.
The modeling framework in this thesis is based on a special class of mechanical models
– probabilistic models. These models use probabilistic methods for the evaluation of
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representative mechanical responses of composite materials [28, 101, 111, 112, 122] and
provide a fully probabilistic output in terms of statistical distributions of the analyzed
measures (e.g. strength, stiffness, toughness).
There are good reasons for the use of probabilistic methods to model the mechanical
behavior of composites:
a) The random nature of fiber failure and fiber properties in general;
b) the large number of fibers (of the order of 104-108) in the composite.
If one incorporated these features in deterministic models, computational limits would
be exceeded very fast [18].
Since probabilistic models were pioneered and developed mostly by mathematicians,
they often make crude simplifying assumptions regarding material structure and tend to
focus on sophisticated probabilistic evaluation and the asymptotic convergence of dis-
tributions. Even though these models have contributed important insights and are, in
general, methodologically sound, the set of assumptions they use represents material
structure with a high level of idealization [28, 61, 102, 112]. All material and inter-
face properties are deemed to be perfectly homogeneous with fiber strength as the only
considered source of randomness and the fibers do not interact in any way. Probabilistic
models with these idealizations have a great ability to predict qualitative tendencies, such
as tough-to-brittle transitions [28] and size effects [102]. However, when reinforcement
is far from being perfectly homogeneous, e.g. due to variability in interface quality, fiber
diameter or fiber stiffness, the composite’s response changes dramatically, rendering the
predictions of common probabilistic models inaccurate [108]. In order to justify the in-
corporation of random fiber properties in the modeling approach, the following sources
of randomness can be cited: Fiber diameter variability easily arises during fabrication
processes such as vapor deposition on core filaments or the melt spinning of precursor
fibers with a subsequent thermal and/or chemical treatment [22]. Variations in the fiber-
matrix interface are due to variable fiber coating quality [140], variable matrix adhesion
or irregular matrix penetration into yarns [55, 87, 110].
2.3 Weakest link model
Weakest link models describe the strength of a structural system by the strength of its
weakest link. Given that the system is divided into sub-elements where the failure of
either of these elements causes the ultimate failure of the whole system, the weakest
link model applies. If the sub-elements have a random strength distribution, the strength
of the system decreases as its size grows. This phenomenon is known as the statistical
size effect and can be explained by the behavior of global minima of sets of random
realizations: with growing number of random realizations in a set the expected value of
the global minimum decreases.
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First intuitive formulations of the strength of materials by means of the weakest link the-
ory and the connected statistical size effect date back to Leonardo da Vinci (1500s) and
Galileo Galilei (1638). However, a robust mathematical theory with derived statistical
distribution function was first formulated by W. Weibull [130].
Since a brittle filament is only as strong as its weakest cross-section, it can be assumed
to behave according to the weakest link model. It is generally accepted that the random
flaws in the fiber’s material structure follow the compound Poisson process, i.e. the
mean number of flaws per unit length with strength less than or equal σ , Λ(σ) is of the
form
Λ(σ/σ0) = [(σ/σ0)m]/L0 (2.1)
where σ0 is a scale parameter relative to the reference length L0 and m is a shape param-
eter [19, 61, 101, 113]. The tensile strength of fibers of length L is therefore a random
variable which follows the Weibull distribution (extreme value distribution of type III)
defined as
F(σ ,L) = 1− exp [−LΛ(σ/σ0)] . (2.2)
The mean fiber strength is then
µ?σf(L) = (L/L0)
−1/mσ0Γ(1+1/m) (2.3)
with Γ denoting the gamma function. The formula reveals the length dependency of the
mean fiber strength (as well as of any percentile of the fiber strength), which is found
to be proportional to L−1/m (Fig. 2.1b). This means that the mean tensile strength of
fibers decreases with fiber length with the slope −1/m in a double logarithmic plot.
For ceramic fibers used as reinforcement in composites, the shape parameter is usually
between 3.0 and 7.0 [20, 22].
2.4 Fiber bundle models
The analysis of the strength of a fiber bundle which consists of parallel brittle fibers with
random strength is based on the work of H.E. Daniels [36]. This work has been reviewed
and extended with further effects relevant to fiber bundles many times since [18,21,103].
Daniels analyzed a set of parallel Weibull fibers (i.e. following the strength distribution
given by Eq. 2.2) subjected to increasing load σ and derived an exact statistical distri-
bution of the strength of such a bundle consisting of nf fibers, which was later rewritten
in the compact recursive form
Gnf(σ) =
nf
∑
i=1
(−1)i+1
(
nf
i
)
[F(σ)]i Gnf−i
(
nfσ
nf− i
)
(2.4)
where G0(σ) = 1 and G1(σ) = F(σ) is the strength distribution of a single fiber given
by Eq. (2.2). Daniels also formulated comprehensive results on the behavior of asymp-
totic bundles (large nf) including the asymptotic bundle strength which was found to be
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Figure 2.1: (a) Theoretical fiber Eq. (2.8) and mean bundle Eq. (2.9) stress-strain dia-
grams; (b) theoretical mean fiber strength Eq. (2.3) and mean bundle strength
Eq. (2.6) as a function of gauge length.
normally distributed as
Gnf→∞(σ)≈ φ
(
σ −µ?σb
γ?σb
√
nf
)
(2.5)
where φ is the standard normal distribution function, µ?σb is the mean value
µ?σb(L) = σ0
(
mL
L0
)−1/m
exp(−1/m) (2.6)
and γ?2σb/nf the variance of the bundle strength. It is interesting to note that the mean bun-
dle strength decreases with respect to the length with the same rate as a single fiber (i.e.
µ?σb ∝ L
−1/m, see Fig. 2.1). The convergence of the mean bundle strength to its asymp-
totic distribution Eq. (2.5) with growing nf was shown to be extremely slow O(n
−1/6
f ).
Smith in [112] and later Daniels [37] himself proposed modifications on the mean value
and variance that respect the actual finite number of fibers and accelerate the conver-
gence significantly.
S. L. Phoenix and H. M. Taylor [103] analyzed the fiber bundle behavior as controlled
by bundle strain ε and its failure determined by the random strain to failure of individual
fibers ξ , which has the two-parameter Weibull form
ξ ∼ Fξ (ε,L) = Pr{ξ ≤ ε}= 1− exp [−L/L0(ε/ε0)m] (2.7)
with the scale parameter ε0 relative to the reference length L0, and the shape parameter
m. The fiber stress-strain relationship (Fig. 2.1a) is then defined as
σf(ε) =
{
Ef ε : 0< ε < ξ
0 : otherwise.
(2.8)
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This strain based approach enables the formulation of the whole mean stress-strain curve
of an asymptotic bundle (nf→ ∞) as
µσb(ε,L) = Efε
[
1−Fξ (ε,L)
]
(2.9)
on one hand and, on the other hand, additional random properties of fibers (waviness,
length, modulus of elasticity etc.) can be included [18, 97, 103]. Analyzing the mean
stress-strain function of a bundle (Eq. 2.9), its maximum is the mean bundle strength
given by Eq. (2.6) and its stationary point is the strain at which the mean bundle strength
is achieved
ε?b = σ0/Ef
(
mL
L0
)−1/m
. (2.10)
The relation of Eq. (2.6) and Eq. (2.3) given as
µ?σb
µ?σf
=
exp(−1/m)
m1/mΓ(1+1/m)
(2.11)
is the reduction factor for the mean bundle strength compared to the mean fiber strength
and it depends only on the Weibull modulus m. For fibers with m ≈ 5.0 for example,
the mean bundle strength is 35.5% lower than the mean fiber strength. This reduction of
strength is generally inherent to fiber bundles with scatter in strength of individual fibers
due to micro-scale flaws.
Fiber bundle models are a suitable tool for modeling parallel structures with brittle links.
They can be applied to simulate a single composite crack bridge response, which is the
sum of random fiber contributions within a parallel system with subsequent fiber failure.
Since the focus of this thesis is on heterogeneous reinforcement, stresses in individual
fibers will be considered as random variables. Due to the non-uniform stress distri-
bution within the composite cross-section, the strength compared to composites with
homogeneous reinforcement is significantly reduced, which was observed experimen-
tally in [131]. This mechanism of strength reduction is of the same nature as the just
described bundle strength reduction.
2.5 Load sharing mechanisms
An important property of a system of parallel brittle fibers is the stress redistribution
upon local fiber damage. Existing models take this mechanical aspect into consideration
by defining various load sharing patterns for surviving fibers if some fiber breaks. The
nomenclature on load sharing mechanisms found in literature is not consistent. In what
follows, the nomenclature used in [70] is reproduced.
The most intuitive load sharing mechanism is equal load sharing (ELS) used in the classi-
cal Daniels’ fiber bundle models [21,36], where all intact fibers take up an equal amount
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Figure 2.2: Load sharing mechanisms
of the load that was carried by a failed fiber. To be more precise, the load is distributed
among the intact fibers with respect to their stiffnesses. ELS assumes that fibers do
not interact in parallel so that it is suitable to model dry bundles even though a weak
inter-fiber friction is present [19].
In composites, the failure of a fiber might cause a stress concentration within a localized
area so that the load is taken over only by close neighbors. This phenomena is called
localized load sharing (LLS) which covers many models with various rules for the influ-
ence of breaks of surviving fibers in 1D, 2D and 3D [46,47,49–51,53,54,66,120,134].
Load sharing rules applied e.g. by [28,102,122] take into consideration the longitudinal
position of fiber breaks. Broken fibers then carry a residual load due to pullout and intact
fibers share the remaining part of the load equally or locally. When the longitudinal
position of fiber breaks and the resulting pullout is considered, the mechanism is called
global load sharing (GLS) or frictional load sharing (FLS).
Localized load sharing systems are, of course, more accurate in simulating the real
mechanical behavior of composites. However, LLS models are much more complex
and computationally demanding than the ELS counterparts. Several factors determine
whether the use of ELS can be justified for modeling of composites: 1) matrix shear stiff-
ness 2) bond strength 3) fiber strength variability. If the matrix shear stiffness is high,
the bond weak and the fiber strength variability high, ELS can be applied [70, 102]. In
the other extreme case, failure will be rather localized and one of the LLS models has to
be used.
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3 Crack bridge with rigid matrix – independent fibers
In this chapter, a fiber-bundle based model is introduced that simulates the mechanical
behavior of a composite crack bridge with a very high matrix stiffness so that it can
be regarded as rigid. The model is used to illuminate the effects of selected sources of
reinforcement heterogeneity on the crack bridge response. It constitutes a basis for the
crack bridge model with elastic matrix (Chapter 4) and consequently for the multi-scale
simulation of the strain-hardening response of brittle-matrix composites (Chapter 5).
Sec. 3.1 presents the assumptions made in the model and introduces the main variables
used throughout this chapter. Sec. 3.2 describes the general two-scale procedure for
the evaluation of the composite response by introducing the single fiber crack bridge
function in the form fiber strain vs. crack opening and its probabilistic homogenization.
Single fiber responses are described separately for continuous and short fibers. The
following Sec. 3.3 analyses applications of the model and provides a thorough p-study.
Distributions for random variables are derived and sensitivity of the composite response
to various parameters is evaluated. Sec. 3.4 concludes the problem of single crack bridge
with rigid matrix and builds the bridge to the next chapter. The text of this chapter is
partly based on the author’s publications [108, 127].
3.1 Assumptions and notation
A unidirectional composite with constant cross-sectional area containing fibers of vol-
ume fraction Vf is considered. The fibers exhibit linear elastic behavior with the mod-
ulus of elasticity Ef and brittle failure upon reaching their breaking strain ξ . The fiber
cross-section is assumed circular with radius r. Elastic deformations of the matrix are
neglected so that it is assumed to be rigid. This is justified for cross-sections with much
higher matrix stiffness compared to the stiffness of the reinforcement Em(1−Vf)EfVf,
where Em denotes the matrix modulus of elasticity.
Matrix cracks in a composite subjected to tensile load are assumed to be planar and
perpendicular to the loading direction. Any residual force carried by the matrix crack
planes is neglected so that the force is transmitted solely by the fibers. It is assumed that
the distances between serially coupled cracks are large enough for the debonded lengths
of individual fibers not to overlap. Individual crack bridges can thus be considered as
mechanically independent. When the tensile load is increased, fibers debond against
a constant bond strength τ . When debonded, fibers slide against a constant frictional
stress τ at the fiber-matrix interface along the debonded length a (Fig. 3.2). In [73], the
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effect of various bond stress vs. slip laws was thoroughly studied. Since the resulting
fiber stress at crack plane is the integral of the bond stress over the debonded length, it
was shown that the exact form of the bond stress vs. slip law has a minor effect on the
composite behavior at higher scales.
Although detailed analyses of stress profiles within a fiber cross-section have been per-
formed in the past [90, 133, 136], the stress concentrations at the fiber perimeter close
to the matrix crack plane are assumed to have a minor effect (see also [28]). Therefore,
the fundamental assumption of shear-lag models [23,90] of constant fiber stress over the
cross-section can be anticipated. Nevertheless, the stress is variable for individual fibers
due to the parameters which affect the fiber-matrix bond and which are assumed to be of
random nature. The mechanical idealization of the composite can thus be described as
a parallel set of independent 1D springs representing the fibers coupled to a rigid body
representing the matrix through a (possibly random) frictional bond.
The response of the composite crack bridge is represented by the statistical average
of the contributions of individual fibers assuming a large number of fibers. Further
assumptions applied here follow the rules for Daniels’ statistical fiber-bundle models
[21, 36, 51, 95, 99, 103, 112] which include equal load sharing of the applied load by
fibers in proportion to their stiffness and irrespective of their position within the bundle.
This is justified for cementitious and most ceramic matrix composites where the bond
strength is relatively low and the matrix stiffness relatively high [28, 100, 102]. Note
that for composites with rather strong bond and low matrix stiffness, equal load sharing
would be a crude simplification. The stress redistribution of broken fibers would then
follow the localized load sharing (see Chapter 2, Sec. 2.5).
3.2 Model formulation
3.2.1 Homogenized composite response
A unidirectional composite with a single matrix crack loaded in tension by the remote
stress σ in the direction of the fiber alignment is considered. The (quasi-static) ma-
trix crack width w is chosen as control variable because it enables a model formulation
with random properties of fibers and fiber-matrix interface. Also, this way the compos-
ite response can be tracked along the complete descending branch. Note that the far
field composite stress taken as control variable would result in an unstable (dynamic)
damage process if monotonically increased beyond the peak stress. In the case of rigid
matrix, the control variable crack opening equals the far field displacement, which can
be imagined as the controlled displacement of the clamps of a tensile test machine.
The behavior of a crack bridge is studied assuming randomness in bond strength τ , fiber
radius r and fiber breaking strain ξ . The randomness of fiber breaking strain is explained
by the random nature of material flaw severity and is usually taken as the only source of
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Figure 3.1: Typical fiber crack bridge function (a) and mean composite crack bridge
function (b).
randomness in existing probabilistic models [28, 48, 66, 102, 112, 114, 122]. Regarding
the random τ and r, the references [108, 140] explain the random fiber diameter by
fabrication procedures and the random bond strength by irregular matrix penetration
and variability in coating quality, respectively. Due to this heterogeneity, individual
fibers within a composite cross-section will have a variable stiffness and stress state.
Applying the above described formulation with the crack opening w as control variable,
the evaluation of the composite response is inversed compared to most existing models,
which use the far field stress or strain as control variables. Here, the task is to evaluate
the far field composite stress σc given a value of w. In what follows, the general formula
for the mean composite stress as a function of the crack opening w is derived1.
The composite stress σc,X is defined as the sum of (random) fiber forces ff,i(w,Xi), i ∈
1,2 . . .nf transmitted by the nf fibers within a crack plane at a given nonnegative crack
opening w yielding the total transmitted force, which is divided by the composite cross-
sectional area Ac
σc,X(w,X) =
1
Ac
nf
∑
i=1
ff,i(w,Xi), w≥ 0. (3.1)
Here, Xi is a sampling point from the X∈Rn sampling space of the n considered random
variables. Hence, the sampling points Xi are random n-dimensional vectors containing
the fiber and bond properties. The force of a single fiber, ff,i(w,Xi), maps the vector Xi
on a nonnegative scalar – the fiber force – as a function of the crack opening w. The
σc,X(w,X) function then sums the random fiber contributions and is therefore itself a
random variable sharing the same sampling domain as the fibers X∈Rn. One realization
1Remark on notation: Subscripts contain a function specification and, where appropriate, the sampling
domain separated by a comma. Mean values are denoted as µ with a subscript indicating the averaged
function and the sampling domain. For example µσc,X is the mean value of the function σc which
includes parameters from the sampling domain X; εf0 is a deterministic function.
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of the random variable σc,X(w,X) is thus the sum of randomly chosen samples (fiber
forces) divided by Ac. These realizations have unique global maxima σ?c,X(X) in the w
dimension at some nonnegative crack opening w?. Such a maximum is called ’composite
strength’.
Mean composite response
Assuming a large number of fibers, the term ∑nfi=1 ff,i(w,Xi) in Eq. (3.1) can be approxi-
mated by expected value stating that
nf
∑
i=1
ff,i(w,Xi)≈ nfE[ ff,X(w,X)] (3.2)
where ff,X(w,X) is the fiber force as a continuous function spanning the Rn+1 space (n
random variables + the crack opening w). The formula can be interpreted as stating that
the sum of random fiber forces is asymptotically equal to the mean fiber force multiplied
by the total number of fibers. Similarly, Ac can be for large nf substituted by
Ac ≈ nf E[Af]Vf , (3.3)
where Af = pir2 is the single fiber cross-sectional area. It is assumed that for a nonnega-
tive w the fibers exhibit linear elastic behavior, i.e.
ff,X(w,X) = AfEf εf0,X(w,X) (3.4)
with εf0,X(w,X) ∈Rn+1 standing for the fiber strain at the matrix crack derived below in
Sections 3.2.2 and 3.2.3. Then, the substitution of Eqns. (3.2) and (3.3) into Eq. (3.1) is
the expected value of σc,X denoted as µσc,X and referred to as the "mean composite crack
bridge function". With the dependencies on w and X omitted, it is derived as
σc,X ≈ µσc,X =Vf
E[ ff,X]
E[Af]
=Vf
E[AfEf εf0,X]
E[Af]
= EfVfE
[
Af
E[Af]
εf0,X
]
. (3.5)
The fraction in the square brackets in Eq. (3.5) is defined as the dimensionless fiber
cross-section
νf(r) =
Af
E[Af]
=
r2
E[r2]
, (3.6)
so that the general form of the mean composite crack bridge function reads
E [σc,X(w,X)] = µσc,X(w) = EfVf E [νf(r)εf0,X(w,X)] , w≥ 0 (3.7)
where the expectation is evaluated as
EfVf E [νf(r)εf0,X(w,X)] = EfVf
∫
X
νf(r)εf0,X(w,X)gX(X)dX (3.8)
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with gX being the joint probability density function of the random variables. Since
the expectation operator E[·] maps the Rn sampling space of the random variables onto
a scalar (the mean value), the result, µσc,X(w) is defined in R – the dimension of the
control variable w. The maximum of the mean composite crack bridge function will be
referred to as the ’mean composite strength’ and is defined as
E
[
σ?c,X(X)
]
= µ?σc,X = sup{µσc,X(w); w≥ 0}. (3.9)
In order to evaluate Eqns. (3.7) and (3.9), the unknown fiber strain εf0,X(w,X), which
shall be referred to as ’fiber crack bridge function’, has to be resolved. The formulation
of εf0,X(w,X) is considered in Sec.3.2.2 for continuous fibers and in Sec.3.2.3 for short
fibers.
Variance of the composite response
The variance of the composite stress D[σc,X(w,X)], where σc,X(w,X) is given by
Eq. (3.1), is evaluated using the law for variance of sums, which generally defines
D
[
k
∑
i=1
Xi
]
=
k
∑
i=1
D [Xi]+2∑
i j
Cov(Xi,X j), i ∈ {1,2, . . . ,k}; j ∈ {1,2, . . . ,k}. (3.10)
By the assumed statistical independence of individual fibers, the first term becomes
k D [Xi] and the second term, the covariance, becomes zero. Applied on the present
problem, the variance of σc,X(w,X) is thus
D [σc,X(w,X)] = γ2σc,X(w) =
nf
A2c
D [ ff,X(w,X)] =
V 2f
nf(E[Af])2
D [ ff,X(w,X)] , (3.11)
where the equality D[cX ] = c2D[X ] was applied. The last expression in Eq. (3.11) is
obtained by substituting Eq. (3.3) for Ac. The derivation of the variance results in an
expression which has nf in the denominator and hence reveals the the Bienaymé theorem,
which states that the variance of the mean of k uncorrelated random variables Xi equals
D[X ]/k. In this special case, the random variables are the responses of the nf fibers
in the composite cross-section Ac at a given crack opening and they all share the same
distribution. It follows that the variance vanishes very fast with growing nf. For practical
composite sizes with several thousands of fibers the variance is predicted to be close to
zero.
The variance of the composite strength, D
[
σ?c,X(X)
]
, is in general more difficult to
evaluate than the variance of the composite stress at a given crack opening. The reason is
that the crack opening w? is unknown in advance. Because of this additional uncertainty,
the variance in composite strength diminishes with a slower rate than 1/nf for small nf
values. However, for moderate nfs, the decrease rate is close to 1/nf so that the variance
of strength can be assumed very small for practical composite sizes.
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Figure 3.2: Multi-scale modeling approach diagram: (a) rigid matrix – strain profile of a
fiber; (b) elastic matrix – strain profile of a fiber and matrix.
Now that the general homogenization procedure was presented, particular fiber crack
bridge functions εf0,X(w,X) will be derived in the following sections – separately for
continuous fibers and for short fibers. These fiber crack bridge functions, when averaged
by applying Eqs. (3.7) and (3.9), represent the mean response of a composite crack
bridge.
3.2.2 Fiber crack bridge function: continuous fibers
Individual fibers in a composite with rigid matrix are mechanically independent so that
their strain can be defined regardless of the strain state of neighboring fibers. When a
matrix crack opens, the bridging fibers debond and transmit an amount of force that is
linearly proportional to their debonded lengths a and the bond strength τ at the fiber-
matrix interface. The debonded length is a function of the random variables from the
X sampling space and of the crack opening w, i.e. a = f (w,X). Following differential
equilibrium condition for the debonded fibers at the longitudinal distance z from the
matrix crack is stated
Efε ′f,X(z)+Tz(z,X) = 0, (3.12)
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where εf,X(z) is introduced as the longitudinal fiber strain, ε ′f,X(z) as its derivative with
respect to z and Tz(X,z) as the bond intensity. The function Tz(X,z) is defined as the
interface shear flow 2τpir acting on the fiber cross-section pir2 within the debonded
length a (Fig. 3.2) with the corresponding sign depending on the longitudinal distance z
from the matrix crack
Tz(z,X) = T (X) · sign(z) (3.13)
with
T =
2pirτ
pir2
=
2τ
r
. (3.14)
Since the sampling domain X and the distance variable z are included in Tz, Eq. (3.12)
has the dimension Rn+1. The fiber strain derivative for the debonded range of a fiber
with respect to the longitudinal position is derived from Eq. (3.12) as
ε ′f,X(z) =−
Tz(z,X)
Ef
. (3.15)
Analyzing the fiber strain εf,X along z, the maximum is found at the crack plane z = 0
and with growing distance from the crack the function decays linearly with the slope
−T/Ef until it reaches zero at z = ±a (Fig. 3.2a). An explicit expression for the fiber
strain can be obtained by integrating Eq. (3.15)
εf,X(w,z,X) =
∫ z
−a
ε ′f,X(x)dx =
Ta−Tz(z,X)z
Ef
, |z|< a. (3.16)
For the complete z domain, the fiber strain (see Fig. 3.3) is derived as
εf,X(w,z,X) =

Ta−Tz(z,X)z
Ef
: |z|< a
0 : |z|> a.
(3.17)
Note that these formulas involve the debonded length a which is a function of w and X
(see Fig. 3.3). The dimension of εf,X is thus Rn+2 corresponding to X, z and w. The
maximum fiber strain εf0,X(w,X) = εf,X(w,z = 0,X) then reduces the z dimension (see
below).
Fibers with infinite strength
Given that the fiber does not break, i.e. the breaking strain ξ = ∞ and therefore X ∈
{τ,r}; n = 2, the maximum fiber strain (see Fig. 3.3) is
εf0,rτ(w,X) = εf,X(w,z = 0,X) =
Ta
Ef
(3.18)
and has the dimension Rn+1. The crack opening w is obtained by integrating εf,X over
the whole debonded domain as
w =
∫ a
−a
εf,X(w,z,X)dz =
Ta2
Ef
. (3.19)
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Figure 3.3: Strains of fibers with random properties along the composite in the vicinity
of a matrix crack: X denotes the continuous sampling space; Xi denotes
deterministic sampling points (’representative fibers’).
Now, the debonded length a can be expressed as function of w in the form
a =
√
Efw/T (3.20)
and substituted into Eq. (3.18) which results in an equation for the maximum fiber strain
as a function of w
εf0,rτ(w,X) =
√
Tw
Ef
. (3.21)
Fibers with finite (random) strength
Now, the effect of fiber rupture can be introduced. The fiber strain value εf0,rτ at which
the fiber fails shall be denoted as ξ and is referred to as the fiber breaking strain. Then,
the crack bridge function of intact fibers is redefined as
ε intactf0,X = εf0,rτ ·H(ξ − εf0,rτ) (3.22)
where H(·) denotes the Heaviside step function defined as
H(x) =
{
0 : x< 0
1 : x≥ 0. (3.23)
As pointed out by various authors studying the ultimate strength of composites [28,100,
102, 122, 133], intact fibers transmit the stress Efεf0,rτ and upon breakage at a nonzero
distance ` from the crack the fiber is still able to transmit residual stress while being
pulled out of the matrix. The residual stress transmitted by broken fibers equals the
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bond intensity T acting on the fiber length ` which is being pulled out. Some authors
subtract the crack opening from the pullout length [122]. Here, this effect is ignored
with the justification that only a small w/` ratio is of practical interest for the studied
class of composites. The strain contribution of broken fibers is thus
εbrokenf0,X =
T
Ef
` ·H(εf0,rτ −ξ ). (3.24)
If the fiber breaking strain ξ is regarded as a random variable, the distance of the fiber
rupture from the crack plane ` is a random variable too [93, 122]. Its dependence on ξ
is derived in detail in Appendix A. The total strain of a fiber during the loading process
(see Fig. 3.1a) is the addition of the two parts
εf0,X(w) = ε intactf0,X + ε
broken
f0,X . (3.25)
In [100], this kind of load sharing between intact and broken fibers is referred to as
"frictional load sharing".
The reminder of this section is an intermediate step towards the homogenized response
of a composite with a large number of fibers and presents a more convenient form of the
contribution of broken fibers.
Since the contribution of ` to the crack bridging force is (by Eq. 3.24) linear, it can
be, for a large number of fibers, represented by its expectation µ` (see Appendix A for
derivation) given by
µ` =
aξ
m+1
, (3.26)
where aξ is the debonded length at the instant of fiber rupture
aξ = ξEf/T (3.27)
and m is the Weibull modulus of the fiber breaking strain distribution. The mean pullout
length µ` is now a simple linear function of the random breaking strain ξ . If Eq. (3.27)
is substituted for aξ in Eq. (3.26) and the result is substituted for ` in Eq. (3.24), the
resulting strain of broken fibers becomes
εbrokenf0,X =
ξ
m+1
·H(εf0,rτ −ξ ) (3.28)
and can be used in Eq. (3.25) to represent a single fiber crack bridging strain.
3.2.3 Fiber crack bridge function: short fibers
Short fibers represent a special case of heterogeneous reinforcement. Even if the bond
properties are identical for all fibers, their heterogeneity is given by the random orien-
tation and embedded lengths of fibers. Moreover, the overall number of fibers bridging
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Figure 3.4: Model of short fibers (a); short fiber pullout function with debonding and
pullout phase (b).
a matrix crack is a random variable. An assumption throughout the thesis is that every
short fiber bridges only one matrix crack, which is the most common practical case in
civil engineering. A short fiber that bridges two or more neighboring matrix cracks is
thus not considered by the model. The single short fiber bridging action derived below
is based on the publication [127] co-authored by the author of this thesis.
A single short fiber of length `f randomly placed and oriented (with the angle ϕc to the
crack plane normal) in a composite (see Fig. 3.4a) experiences the following strain at
the matrix crack plane (see Fig. 3.4b)
εf0,ϕc`e(w,X) =
{ √
Tw/Ef · exp( fϕc) : 0< w< wpull
T `e/Ef · exp( fϕc) : w≥ wpull
(3.29)
with X ∈ {ϕc, `e}. The 0 < w < wpull range of crack opening denotes the debonding
phase and the w ≥ wpull range the pullout phase of a completely debonded fiber. The
variable `e is the embedded length of short fibers defined as the shorter from both em-
bedded lengths of a fiber bridging a matrix crack
`e = max{0;`f/2−|z|/cos(ϕc)} (3.30)
with |z| denoting the normal distance of the fiber centroid from the matrix crack plane.
This formula automatically sets the embedded length to zero for fibers not bridging the
matrix crack. It then follows from Eqs. (3.29) and (3.30) that only fibers intersecting the
crack plane can build up a non-zero crack bridging strain.
The fiber debonding equation is of a similar form to the one for continuous fibers
(Eq. 3.21) but is additionally multiplied by exp( fϕc). This factor represents the influ-
ence of the fiber inclination on its strain at crack plane. The variable f , called ’snubbing
coefficient’, determines the rate of the inclination influence on the bridging force. A
zero snubbing coefficient defines a fiber behavior that is independent of the inclination
angle. Fibers that have fully debonded and are pulled out experience a constant strain
at the crack plane that is proportional to the embedded length `e, the bond intensity T
acting along this length and the factor exp( fϕc). In fact, the embedded length becomes
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shorter as the fiber is pulled out so that the strain in the pullout phase is descending.
However, this influence can be assumed as minor if the w/`f ratio is small, which is the
practical case in civil engineering.
The crack opening at the transition between debonding and pullout, wpull, can be com-
puted by equating the debonding equation with the pullout equation and solving it for
the corresponding crack opening√
Twpull/Ef · exp( fϕc) = `eT/Ef · exp( fϕc)→ wpull = `2eT/Ef. (3.31)
3.3 Analysis and p-study
The following sections report on systematically performed parametric studies of the
single crack bridge behavior with combinations of random and deterministic parameters.
The studies reveal the correspondence between the individual sources of randomness
and the response of a crack bridged by heterogeneous reinforcement which can freely
debond. All studies represent various applications of Eq. (3.7) – the general form for the
probabilistic homogenization of random fiber responses. Where appropriate, distribution
functions of random variables are derived.
Sec. 3.3.1 is concerned with continuous reinforcing fibers and Sec. 3.3.2 with short
fibers. In Sec. 3.3.3, various types of continuous and/or short fibers are considered
combined to form hybrid reinforcement.
3.3.1 Continuous fibers
Deterministic properties
If the properties of all fibers in the composite are deterministic, the mean composite
function (Eq. 3.7) is simply
µσc(w) = σc(w) = EfVfεf0(w), (3.32)
i.e. the strain, which is identical for all fibers, is multiplied by the fiber stiffness. Note
that for deterministic fiber radius r, the dimensionless fiber cross-section νf(r) defined
by Eq. (3.6) becomes 1 so that it is dropped in the formula.
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Random fiber strength
The assumption of random fiber breaking strain ξ is based on the fact that brittle fibers
are flaw-sensitive and the flaws can be assigned a value of strain to failure, which is a
random variable. Most authors studying the mechanical properties of fiber reinforced
composites assume the fiber strength to be the only source of randomness [28, 48, 66,
102, 112, 114, 122]. The fiber-in-composite breaking strain distribution GCBrξ and the
corresponding density gCBrξ used here are given in the two-parameter Weibull form (see
Appendix B) as
GCBrξ (εf0) = 1− exp
[
−
(
εf0
ε0
)m+1]
(3.33)
and
gCBrξ (ξ ) =
∂GCBrξ (εf0)
∂εf0
=
m+1
ε0
(
εf0
ε0
)m
[1−GCBrξ (εf0)], (3.34)
respectively, with the scale parameter
ε0 =
(
T (m+1)εmV0V0
2Efpir2
)1/(m+1)
. (3.35)
The scale parameter ε0 is adapted to the actual volume of the fiber subjected to tensile
strain according to the reference scale εV0 relative to the volume V0. The shape parameter
(or Weibull modulus) m describes the local fiber strain to failure variability. For full
derivation and detailed explanation of the distribution function see Appendix B. The
superscript CBr denotes the case of a single crack bridge in a composite with rigid matrix,
where the fiber strain has a triangular profile.
Applying the general form Eq. (3.7), the mean composite crack bridge function with
random fiber breaking strain can be evaluated in the following manner
µσc,X(w) = EfVfνf(r)
∫ ∞
0
εf0,X(w,X)gCBrξ (ξ )dξ (3.36)
with X ∈ {ξ}. Note that the dependency of εf0 on w will be omitted in the following
formulas. In analogy to Eq. (3.25) the homogenization of the composite stress is split
into contributions from intact and broken fibers (see Fig. 3.1). Recalling that νf(r) = 1
for deterministic fiber radius, the first term within the homogenization procedure, corre-
sponding to intact fibers, becomes
µ intactσc,ξ (w) = EfVfεf0
∫ ∞
0
H(ξ − εf0)gCBrξ (ξ )dξ
= EfVfεf0
∫ ∞
εf0
gCBrξ (ξ )dξ = EfVfεf0[1−GCBrξ (εf0)]
(3.37)
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Figure 3.5: (a) fiber-in-composite breaking strain distribution GCBrξ with varying Weibull
modulus m and scale parameter adjusted so that the average ξ remains con-
stant; (b) mean composite crack bridge functions (mean composite stress vs.
crack opening) corresponding to the random fiber breaking strain ξ ∼ GCBrξ .
and the second term, corresponding to broken fibers, becomes (with the use of
Eqs. (3.26) and (3.27))
µbrokenσc,ξ (w) = TVf
∫ ∞
0
µ`H(εf0−ξ )gCBrξ (ξ )dξ =
EfVf
m+1
∫ εf0
0
ξ gCBrξ (ξ )dξ . (3.38)
The integral in Eq. (3.38) can be solved analytically [122]
Iξ (εf0) =
∫ εf0
0
ξ gCBrξ (ξ )dξ = ε0 · γ
(
1+
1
m+1
,
[
εf0
ε0
]m+1)
(3.39)
with γ being the lower incomplete gamma function and ε0 the scale parameter of the
fiber breaking strain distribution Eq. (3.35). In [28, 100, 102] the contribution of broken
fibers was approximated by simpler formulas. The resulting form of the homogenized
composite stress with random fiber breaking strain is then
µσc,ξ (w) = µ
intact
σc,ξ (w)+µ
broken
σc,ξ (w) = EfVf
[
εf0[1−GCBrξ (εf0)]+
Iξ (εf0)
m+1
]
. (3.40)
After all fibers have broken (i.e. for large values of w), the first term in Eq. (3.40)
representing intact fibers is zero and the second term representing the residual stress
transmitted by the pullout of broken fibers becomes
µσc,ξ (w→ ∞) = µbrokenσc,ξ (w→ ∞) = EfVf
Iξ (w→ ∞)
m+1
(3.41)
with
Iξ (w→ ∞) = ε0 ·Γ
(
1
m+1
)
(3.42)
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Figure 3.6: Micrographs of filaments in matrix provided by the Institute of Textile Tech-
nology (ITA) of the RWTH Aachen University, Germany: detail of scatter
in fiber radius r (a); detail of matrix penetration into a multi-filament yarn –
source of scatter in bond strength τ (b).
where Γ denotes the complete gamma function.
Numerical evaluations of Eq. (3.40) are shown in Fig. 3.5b for three values of the Weibull
modulus m. The corresponding breaking strain distributions are depicted in Fig. 3.5a.
They are normalized in such a way that the mean value is identical for all three distri-
butions. Higher values of m denoting narrow distributions of fiber breaking strain result
in more brittle behavior being exhibited by the composite crack with a higher ultimate
stress. Residual stresses transmitted by the pullout of intact fibers are higher for lower
m because fibers with a high variation of breaking strain are less sensitive to the stress
concentration at the crack plane and will therefore break further away from the matrix
crack in average.
Mean composite strength
Of particular interest is the mean composite strength µ?σc,ξ given as the maximum of
the mean composite crack bridge function µσc,ξ (w) (Eq. 3.40). The stationary point of
µσc,ξ (w) is the corresponding crack opening w
?
ξ for which the maximum is achieved. It
is obtained in the following form (see Appendix C for detailed derivation)
∂µσc,ξ (w)
∂w
= 0→ w?ξ =
Ef
T
ε20 m
−2/(m+1). (3.43)
Evaluating Eq. (3.40) for w?ξ results in the mean composite strength
µ?σc,ξ = µσc,ξ (w
?
ξ ) = EfVf ζ ε0 (3.44)
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with
ζ =
[
m−1/(m+1) · exp
(
− 1
m
)
+
1
m+1
· γ
(
1+
1
m+1
,
1
m
)]
. (3.45)
Similarly, the fraction of intact fibers at the instant of maximum composite stress is
obtained by evaluating the fiber survival probability 1−GCBrξ , with GCBrξ (Eq. 3.33), for
the fiber strain at the crack opening w?ξ given by Eq. (3.43), i.e.
p?ξ = 1−GCBrξ
(
εf0(w?ξ )
)
= exp(−1/m). (3.46)
Interestingly, the same result has been derived in [36] for fiber-bundle models describing
the behavior of ’dry’ bundles (with the absence of matrix) as it is referred to in [38]. It
can be concluded that the fraction of intact fibers at maximum composite stress remains
unaffected even if the fiber-matrix bond and the pullout of broken fibers are involved.
Random fiber breaking strain, radius and bond strength
In addition to random fiber breaking strain there are various other sources of randomness
that cause the reinforcement to behave heterogeneously. In this section, the additionally
considered random variables are the fiber radius r (Fig. 3.6a), which is due to filament
production methods like melt spinning, and variations in the bond strength τ , which
are caused e.g. by fiber surface roughness, fiber sizing quality [140] or matrix pene-
tration (Fig. 3.6b). For example in the case of multi-filament yarn reinforcement used
in textile reinforced concrete, the variations in the matrix-filament bond are especially
pronounced. They are caused by the irregular penetration of the matrix into the yarn and
by the micro-structure of the fine grained cement matrix [56]. Statistical dependencies
between the variables, which are considered random, may occur. However, within this
study these dependencies are considered minor and the random variables are treated as
statistically independent.
Effect of r and τ as deterministic variables
Before approaching the analysis of the effects of additional random variables on the
crack bridge response, their influence as deterministic variables is considered. First,
Eq. (3.40) is used to study the effect of deterministic r and τ on the mean composite
crack bridge function. With explicitly denoted dependencies on r and τ , Eq. (3.40) has
the form
µσc,ξ (w,r,τ) = EfVf
[
εf0(r,τ)[1−GCBrξ (εf0(r,τ))]+
Iξ (εf0(r,τ),r,τ)
m+1
]
. (3.47)
Fig. 3.7a and 3.7b depict the mean composite crack bridge functions for various values
of r and τ , respectively.
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Figure 3.7: Effect of deterministic parameters on crack bridge behavior: mean com-
posite crack bridge function with variable r (a) and τ (b); mean composite
strength µ?σc,ξ and the corresponding crack opening w
?
ξ for variable r (c) and
τ (d).
The effect of r and τ on the mean composite strength µ?σc,ξ is apparent, if an analysis is
made of the behavior of Eq. (3.44) where the two variables occur in the scale parameter
ε0. Written explicitly, i.e. substituting Eq. (3.35) for ε0 into Eq. (3.44), the following
form is obtained
µ?σc,ξ (r,τ) = EfVfζ
(
τ(m+1)εmV0V0
Efpir3
)1/(m+1)
. (3.48)
Hence the scaling of the mean composite strength with respect to the fiber radius
(Fig. 3.7c) can be expressed as
µ?σc,ξ (r) ∝ r
−3/(m+1) (3.49)
and the scaling with respect to the bond strength as (Fig. 3.7d)
µ?σc,ξ (τ) ∝ τ
1/(m+1) (3.50)
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which corresponds to the results of [28]. As it is the case with the mean composite
strength, the crack opening at peak composite stress w?ξ can be studied as a function
of the two variables r and τ . For this purpose, ε0 from Eq. (3.35) is substituted into
Eq. (3.43) and the substitution T = 2τ/r is applied, hence
w?ξ (r,τ) =
rEf
2τ
m−
2
m+1 ·
(
τ(m+1)εmV0V0
Efpir3
)2/(m+1)
. (3.51)
Clearly, it can be stated that
w?ξ (r) ∝ r
(m−5)/(m+1) (3.52)
and
w?ξ (τ) ∝ τ
(1−m)/(m+1). (3.53)
It is interesting to note that if m = 5.0, w?ξ is independent of the fiber radius r and if
m = 1.0, w?ξ is independent of the bond strength τ because the corresponding terms
in Eq. (3.51) cancel out. For m > 5.0, w?ξ grows with growing r and for m < 5.0 it
decays with growing r (see Fig. 3.7c). Regarding τ , the w?ξ value grows with growing
τ for m < 1.0 and decays with τ if m > 1.0. Although m values of 1.0 and less for
the fiber breaking strain distribution are rather theoretical, Fig. 3.7d shows the w?ξ and
µ?σc,ξ for m ∈ {0.5, 1.0, 5.0} to depict the qualitative transition in the w?ξ scaling with
τ . At this point it should be remarked that the Eq. (3.53) was misprinted in the original
article [108].
Effect of r and τ as random variables
The mean composite crack bridge function for deterministic r and τ given by Eq. (3.47)
can be used to evaluate the mean composite crack bridge function when r and τ are
defined as random variables. It is assumed that the distribution functions of the random
variables Gr and Gτ and their corresponding density functions gr and gτ are known
and concentrated on (0,∞). First, the homogenized crack bridge behavior for only a
single random variable (in addition to the random fiber breaking strain) is derived. The
evaluation is performed by integrating µσc,ξ multiplied by the dimensionless fiber radius
and the density function gr or gτ over the domain of the random variable. In this way
the mean composite crack bridge function for random r is obtained as
µσc,ξ r(w) =
∫ ∞
0
νf(r)µσc,ξ (w,r)gr(r)dr (3.54)
and for random τ as
µσc,ξτ(w) =
∫ ∞
0
µσc,ξ (w,τ)gτ(τ)dτ. (3.55)
In Fig. 3.8, the effect of scatter in filament radius and bond strength on the mean compos-
ite crack bridge function is quantified using Eqs. (3.54) and (3.55), respectively. Three
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Figure 3.8: Mean composite crack bridge functions (mean composite stress vs. crack
opening) for three levels of scatter of the uniformly distributed fiber radius r
(a) and bond strength τ (b).
levels of scatter in a uniform distribution of the random variables were studied in order
to show the influence of variability in these two variables.
It appears that variations in τ and r have a similar qualitative effect on the mean com-
posite strength but the sensitivity of the response with respect to the scatter in the bond
strength is somewhat higher. Differences in the influence of the studied variables are
found especially in the descending branches of the mean composite crack bridge func-
tions. A higher scatter around the mean value increases the probability of lower τ and
a higher r values. Both reduce the bond intensity T = 2τ/r which results in lower fiber
stresses and therefore flattens and prolongs the crack bridge response. However, vari-
ations in r additionally affect the fiber breaking strain. Since thicker fibers are more
prone to rupture, breakages of fibers with larger radius r are found in earlier loading
stages. Therefore, these fibers do not substantially contribute to the descending branch.
Because of this opposing effect of increasing r, the descending branch remains almost
unaffected by the scatter in r for the particularly depicted fiber breaking strain distribu-
tion (m = 7.0).
Concerning the crack bridge stiffness in the initial crack opening stages, where all fibers
can be assumed intact, it is governed by the bond intensity T and fiber modulus of elas-
ticity Ef. Since T = 2τ/r, the influence of τ on the stiffness is identical to the influence
of r−1. However, the mean composite strength scaling with m is not identical for τ and
r−1 (compare Eq. (3.49) and Eq. (3.50)). The discrepancy between the stiffness and the
mean strength scaling is caused by the presence of r2 in the Weibull scale parameter ε0
for fiber breaking strain (see Eq. (3.35)) which affects the mean composite strength but
not the initial crack bridge stiffness.
If scatter in both r and τ is considered at the same time, the mean composite function
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reads
µσc,ξ rτ(w) =
∫ ∞
0
∫ ∞
0
νf(r)µσc,ξ (w,r,τ)grτ(r,τ)drdτ (3.56)
where grτ(r,τ) is the joint probability density function of the random variables r and
τ . Using this equation, parametric studies of the mean composite strength µ?σc,ξ rτ and
crack opening at peak stress w?ξ rτ (the maximum and the stationary point of Eq. (3.56),
respectively) have been performed for various levels of COV of the random variables
ξ , r and τ . The sensitivity of µ?σc,ξ rτ and w
?
ξ rτ to the scatter in the random variables is
depicted in Fig. 3.9 for various m values. At this place, it should be recalled that m is the
shape parameter of the fiber breaking strain distribution which can be used as a measure
of the fiber strength scatter. In this sense, higher m corresponds to a lower scatter and
vice versa. Analyzing the results, the following conclusions can be pointed out:
• Generally, growing scatter of every considered variable reduces the mean com-
posite strength µ?σc,ξ rτ since it causes the fiber strain to become non-uniform.
• The rate of µ?σc,ξ rτ reduction with scatter in r is faster for smaller values of m.
• The rate of µ?σc,ξ rτ reduction with scatter in τ is slower for smaller values of m.
• w?ξ rτ decreases with growing scatter in τ and this decreasing tendency is faster for
smaller m values.
• w?ξ rτ is unaffected by the scatter in r for m = 5.0 and unaffected by the scatter in
τ for m = 1.0, which was already explained above.
• For m > 5.0, w?ξ rτ gets reduced with growing scatter in r and for m < 5.0, w
?
ξ rτ
grows with growing scatter in r.
3.3.2 Short fibers
Three random variables will be considered in the short fiber crack bridging function,
which was derived in Sec. 3.2.3: ϕc – the orientation angle of a bridging fiber to the
crack plane normal, `e – the embedded length of bridging fibers and kf – the number
of bridging fibers. These variables are of random nature because the distribution and
orientation of short fibers in a composite is random. However, they follow exactly de-
fined distribution functions given the idealized conditions assumed here: 1) no effect
of the boundaries of the composite 2) no interaction between fibers. Distributions for
debonded lengths and orientation angles were derived in [80], distribution of the num-
ber of bridging fibers in [127].
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Figure 3.9: Crack opening at peak stress (upper diagrams) and mean composite strength
(lower diagrams) for random ξ , r and τ
Experimental
As a part of a B.Sc. thesis [75] supervised by the author of this thesis, 64 fiber pullout
experiments were performed with the motivation to evaluate the snubbing coefficient f
(effect of fiber inclination) and the bond strength τ . For this purpose, steel fibers were
pulled out of an ultra high performance concrete (UHPC) matrix with the embedded
length `e = 10mm and a variable inclination angle ϕc to the crack plane normal with
the values 0, pi/6 and pi/4. The test setup is depicted in Fig. 3.10. Pullout specimen
of 4x4 cm UHPC were clamped in an Instron tensile test machine and with controlled
displacement of the rate 0.5 mm/min the steel fiber was pulled out of the matrix. Because
of the very low forces, an external load cell had to be interposed.
Representative pullout curves for the three inclination angle values are shown in
Fig. 3.11. Fibers with ϕc = pi/4 transmit a visibly higher mean force than fibers sticking
out of the matrix perpendicularly, i.e ϕc = 0. Pullout forces corresponding to fibers with
inclination angle ϕc = pi/6 are on average in between the two extremes.
Using an analytical model of fiber pullout based on [83], the mean values of the snubbing
coefficient f and the bond strength τ were evaluated by least square error curve fitting
of the experimental data. For the used material combination – straight steel fibers with
the UHPC B5Q [40] matrix, the average value of the snubbing coefficient was evaluated
to be f = 0.87[-] and the average value of the bond strength as τ = 1.8 [N/mm2]. These
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Figure 3.10: Single short fiber pullout: (a) test setup; (b) detail of the fiber as being
pulled out of the matrix; (c) diagram of the pullout experiment.
values shall be used for the following parametric studies as deterministic values so that
the result can be approximately related to UHPC.
Random orientation angle and embedded length
Assumed that fibers do not interact, the distribution of the distance of fiber centroids
form a planar crack plane, z, is uniform. Any other distribution would be a purely
academic analysis so that the only considered distribution in this thesis is the one that
assigns equal probability to every possible fiber centroid position.
Regarding the inclination angle of fibers in a composite to the normal of a crack plane,
ϕ3D, it was derived in [68, 82] that ideally distributed fibers in 3D space with no inter-
actions or boundary effects follow the distribution sin(ϕ3D) for angles between 0 and
pi/2.
Based on these marginal distributions, it was derived in a publication co-authored by the
author of this thesis [127] that the embedded lengths `e of fibers intersecting a specified
crack plane, given by Eq. (3.30), is uniformly distributed as `e ∼U (loc = 0.0, scale =
`f/2) so that its (conditional) density is
g`e = 2/`f. (3.57)
The (conditional) density of inclination angles of fibers intersecting the crack plane was
derived to be
gϕc = sin(2ϕc). (3.58)
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Figure 3.11: Fiber pullout with embedded length `e = 10mm; fiber radius r = 88µm;
modulus of elasticity Ef = 200[GPa] and variated inclination angle ϕc ∈
{0, pi/6, pi/4}.
For both these variables, the condition is intersection of the fiber and the crack plane.
If interactions between fibers are neglected, the assumption of statistical independence
seems reasonable. Therefore, the joint density function of the two random variables `e
and ϕc is simply their product
gϕc,`e =
{
2sin(2ϕc)/`f for `e ∈ (0,2/`f); ϕc ∈ (0,pi/2)
0 : otherwise.
(3.59)
Applying this distribution, the mean stress of a crack bridging short fiber can be evalu-
ated using the deterministic single fiber crack bridge function Eq. (3.29) as
µσf,ϕc`e(w) = Ef E
[
εf0,ϕc`e(w)
]
= Ef
x
ϕc`e
εf0,ϕc`e(w) ·gϕc,`ed`edϕc. (3.60)
A comparison of a single fiber with deterministic properties (embedded length `e =
7.0mm, fiber orientation angle perpendicular to the crack plane ϕc = 0) and of the mean
stress of fibers with random properties following Eq. (3.59) is given in Fig. 3.12c and
Fig. 3.12d, respectively. A separate study of the fiber length influence on the mean com-
posite stress for randomly distributed and oriented fibers is shown below in Fig. 3.13a.
Random number of bridging fibers
Contrary to fibrous composites with continuous reinforcement, where the number of
fibers in any cross-section is unambiguously defined by the reinforcement ratio and the
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Figure 3.12: Short fibers: (a) single fiber bridging a matrix crack; (b) randomly posi-
tioned and oriented fibers in a composite; (c) fiber crack bridge function
with distinguished debonding and pullout phase; (d) mean strain vs. crack
opening of fibers with random embedded length and inclination angle.
fiber radius, the number of short fibers bridging a crack, kf, is a random variable depend-
ing additionally on the distribution of the fiber inclination and position.
It was shown in [127] that the distribution of the number of short fibers bridging a matrix
crack is of the binomial form Bi(n, p). This discrete distribution describes the number
of successes k given the total number of trials, n, and the probability of a success in
a single trial, p. Given the total number of short fibers nsf and the probability p of a
single fiber intersecting the crack plane if randomly placed and oriented within the do-
main (composite specimen), the binomial probability mass function (PMF – the discrete
counterpart of the continuous probability density function) of the event that exactly kf
fibers intersect the crack plane is
gk(kf) =
(
nsf
kf
)
pkf(1− p)(nsf−kf). (3.61)
with the expectation (mean value)
E[kf] = µkf = nsf p (3.62)
and variance
D[kf] = γ2kf = nsf p(1− p). (3.63)
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Note that the number of bridging fibers can be approximated by the Poisson distribution
with the parameter λ = nsf p if p is small and nsf is large. Asymptotically, by means
of the De Moivre-Laplace theorem, the distribution converges to the Gaussian normal
distribution with mean and variance given by Eqns. (3.62) and (3.63).
The two parameters of the binomial PMF Eq. (3.61) are calculated as follows: The total
number of fibers in a composite, nsf, is computed from known volumes of the composite
Vc, volume of a single fiber Vf1 and the overall volume fraction of fibers Vf as
nsf =VfVc/Vf1. (3.64)
Regarding the parameter p, it has been found in [127] that the probability of a single
fiber being intersected by a matrix crack plane is given by the ratio of fiber positions and
orientations, for which the fiber is intersected by the crack plane, to all possible positions
and orientations of the fiber within the domain
p =
crack bridging fiber positions
all possible fiber positions
. (3.65)
With the additional random variable kf, the composite stress, given by Eq. (3.1) for
continuous fibers, has to be modified for short fibers in the following way
σc,X(w,X) =
1
Ac
kf
∑
i=1
ff,i(w,Xi), w≥ 0, (3.66)
where the number of summed fiber contributions kf is now a random variable. It should
be recalled that ff,i(w,Xi) is the bridging force transmitted by a single fiber as a ran-
dom sample from the sampling domain. By independence of kf and ff,i(w,Xi) the mean
composite stress can be written as
E[σc,X(w,X)] =
1
Ac
E[kf]E [ ff,X(w,X)] =
1
Ac
E[kf]Af Ef E [εf0,X(w,X)] , w≥ 0, (3.67)
where the substitution E[ ff,X(w,X)] = Af Ef E [εf0,X(w,X)] was used. Note that the sam-
pling domain X ∈ {ϕc, `e}. Without loss of generality, Eq. (3.62) can be substituted
into Eq. (3.67) and the total number of fibers nsf in Eq. (3.62) can be substituted by
Eq. (3.64). The following expression is then obtained for the mean composite crack
bridge function
E[σc,X(w,X)] = µσc,X(w) =
AfVfVc p
AcVf1
Ef E[εf0,X(w,X)]. (3.68)
In the special case constant cross-sections of both the composite and the fibers, i.e the
composite length Lc =Vc/Ac and the fiber length `f =Vf1/Af, the equation can be further
simplified to
E[σc,X(w,X)] = µσc,X(w) =
Lc p
`f
EfVf E[εf0,X(w,X)]. (3.69)
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Note that since this is the only case considered, no distinction in the notation for com-
posites and fibers with constant cross-sectional area will be made. Comparing Eq. (3.69)
to the mean composite crack bridge function for composites with continuous reinforce-
ment given by Eq. (3.7), the factor that relates these two formulas (the influence of the
random number of short fibers bridging the matrix crack) is found to be Lc p/`f (see the
influence of `f on the mean composite crack bridge function in Fig. 3.13a).
If all short fibers were aligned parallel to the applied tensile load, the probability of a
fiber of length `f to be intersected by a crack plane within the composite length Lc would
be simply
p = `f/Lc. (3.70)
If this probability is substituted for p in Eq. (3.69), the equation simplifies to the form
of Eq. (3.7) – the formula for continuous aligned fibers
µσc,X(w) = EfVf E[εf0,X(w,X)], X ∈ {`e}. (3.71)
However, given that `e and ϕc follow the joint probability density Eq. (3.59) and that the
effect of boundary zones can be neglected, p becomes (see reference [127] for deriva-
tion)
p = `f/2Lc. (3.72)
When this probability value is substituted into Eq. (3.69), the mean composite crack
bridge function becomes
µσc,X(w) = EfVf E[εf0,X(w,X)]/2, X ∈ {ϕc, `e}. (3.73)
This is to be interpreted as that for randomly oriented fibers, the expected number of
fibers bridging a planar matrix crack is one half of the expected number of bridging
fibers, which are aligned in parallel. For other geometries of the composite specimen,
p would have a more complex form (see [127]). The derivation would, however, still
follow the idea of Eq. (3.65).
An alternative way to derive the factor 2 in the number of aligned and randomly oriented
bridging fibers is to use the homogenizing procedure from Sec. 3.2.1 for continuous
fibers. The composite cross-sectional area Ac in Eq. (3.66) is, similarly to Eq. (3.3) for
continuous fibers, approximated by the expectation
Ac ≈ E
[
kf ·
Af,proj
Vf
]
= E[kf] ·
E
[
Af,proj
]
Vf
, (3.74)
and the sum of a random number of fibers is approximated by the expectation
kf
∑
i=1
ff,i(w,Xi)≈ E[kf] ·E[ ff,X(w,X)] = E[kf] ·Af Ef E [εf0,X(w,X)] , (3.75)
where Af,proj = Af/cos(ϕc) is the ellipsoidal area of an inclined fiber intersected by the
crack plane given that the inclination angle between the fiber and the crack plane normal
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is ϕc. The equation also reflects the fact that the expected value of the ellipsoidal sections
of fibers multiplied by the expected number of bridging fibers has to equal the expected
total area of the reinforcement in any composite cross-section, i.e. E[kf]E[Af,proj] =VfAc.
Substituting Eq. (3.74) and Eq. (3.75) into Eq. (3.66), the expected composite stress
yields
E[σc,X(w,X)] = µσc,X(w,X) =
Af
E
[
Af,proj
]EfVf E[εf0,X(w,X)]. (3.76)
Now if all fibers are perfectly aligned with the crack plane normal, their sections by
the crack plane will be circular so that the expectation E
[
Af,proj
]
= Af and the formula
reduces to Eq. (3.71). If, on the other hand, the fibers are randomly oriented with the
density function gϕc given by Eq. (3.58), the expectation E
[
Af,proj
]
is evaluated in the
following way
E
[
Af,proj
]
=
∫ pi/2
0
Af
cos(ϕc)
·gϕcdϕc = Af
∫ pi/2
0
sin(2ϕc)
cos(ϕc)
dϕc = 2Af (3.77)
and the mean composite crack bridge function becomes Eq. (3.73). Clearly, inclined
intersected fibers will have a larger area than their perpendicular cross-section. For
fibers randomly oriented in 3D space, the expected value of these sections is exactly
twice that of their cross-section. Thus, this analysis also reveals the factor 2, which is
found by relating Eq. (3.71) to Eq. (3.73).
Eq. (3.71) can be considered the extreme case with short fibers perfectly aligned (e.g. by
following the strictly aligned flow trajectories of casted matrix). The mean composite
crack bridge function is then independent of the snubbing coefficient f (see Eq. 3.29)
because the fibers are not inclined with respect to the crack plane normal. A compari-
son of the performance of aligned fibers with the randomly oriented fibers is depicted
in Fig. 3.13b. Snubbing coefficients f = 0.5 and f = 1.0 (the remaining parameters
correspond to UHPC with steel fibers) were chosen to demonstrate that despite the dou-
ble amount of bridging fibers in the aligned case, randomly oriented fibers can transmit
higher load if the f value – the increase in stress transmission due to inclination – is high
enough. The exact limiting value of f is derived in the next section.
Mean composite strength
With the assumption of a constant force in the pullout stage and given that short fibers do
not rupture but rather fail by being pulled out of the matrix, the evaluation of the mean
composite strength simplifies significantly compared to continuous fibers, where the
maximum of µσc,X(w) had to be found for an unique, a priori unknown crack opening
w. The reason for the simplification is that the crack opening, at which the strength is
achieved, can be a priori predicted as any crack opening sufficiently large for all fibers
to be fully debonded, e.g. w = ∞. For these large crack openings, the mean composite
38
Figure 3.13: Mean composite crack bridge function: (a) influence of fiber length `f; (b)
influence of snubbing coefficient f for randomly oriented fibers (solid lines)
compared to fibers aligned in parallel (dashed line).
stress remains constant at its maximum value. The mean composite strength can thus be
written as
E[σ?c,X(X)] = µ
?
σc,X = E[σc,X(w = ∞,X)]. (3.78)
It should be noted, that using w=∞ is only possible because of the present mathematical
formulation of the pullout stage of short fibers as transmitting a constant stress. If the
descending stress tendency in the pullout stage with growing crack opening was con-
sidered, the crack opening corresponding to the composite strength would have a small
finite value. However, the difference in strength would not differ significantly from the
value evaluated by the present formulation for w = ∞.
With the substitution of Eq. (3.71) for σc,X(w = ∞,X) in Eq. (3.78), the formula can be
resolved for aligned fibers as
µ?σc,X = EfVf E[εf0,X(w = ∞,X)] =
= EfVf
∫ `f/2
0
T `e/Ef ·g`ed`e, X ∈ {`e}
(3.79)
and since the random embedded length is uniformly distributed between 0 and `f/2
(g`e = 2/`f), the resulting composite strength becomes
µ?σc,X =
VfT `f
4
, X ∈ {`e}. (3.80)
For randomly oriented fibers, Eq. (3.73) is substituted for σc,X(w = ∞,X) in Eq. (3.78)
and the evaluation of the mean value involves also the random variable ϕc as
µ?σc,X = EfVf E[εf0,X(w = ∞,X)]/2 =
=
EfVf
2
x
ϕc, `e
T `e
Ef
· exp( fϕc) ·gϕc,`ed`edϕc, X ∈ {ϕc, `e}. (3.81)
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With gϕc,`e given by Eq. (3.59), the integral can be solved analytically as
µ?σc,X =
VfT `f
4
(
exp( fpi/2)+1
f 2+4
)
, X ∈ {ϕc, `e}. (3.82)
Analyzing Eq. (3.80), the mean strength of a crack bridged by aligned fibers is found to
be proportional to the bond intensity T = 2τ/r, the fiber volume fraction and the fiber
length `f (see Fig. 3.14a). For randomly oriented oriented fibers, the strength, given by
Eq. (3.82), depends additionally on the snubbing coefficient f , which defines the rate of
stress increase due to the inclination angle of a fiber to the crack normal. The relation of
Eq. (3.82) to Eq. (3.80) has the non-dimensional form
µ?σc,ϕc, `e/µ
?
σc,`e(ϕc = 0) =
exp( fpi/2)+1
f 2+4
(3.83)
and reveals the effect of the snubbing coefficient on the composite strength, which is
shown in this non-dimensional form in Fig. 3.14b. As a reference, the dashed line at the
value 1 represents the strength of a composite with perfectly aligned short fibers.
As stated in course of deriving Eqns. (3.71) and (3.73), the number of aligned fibers
bridging a crack is expected to be twice the number of randomly oriented fibers bridging
a crack. Therefore, the mean strength of a composite with randomly inclined fibers and
f = 0 has the value 0.5 when normalized by the strength of the composite with aligned
fibers (Fig. 3.14b). With growing f , the mean strength of composites with randomly
oriented fibers exceeds the mean strength of composites with aligned fibers at a value
flim that is found by equating Eq. (3.80) and Eq. (3.82), which results in
exp( flimpi/2)− f 2lim−3 = 0 → flim ≈ 0.83. (3.84)
Having performed this analysis, it can be stated that if the snubbing coefficient is larger
than 0.83, the aim to align the fibers to a certain direction is pointless, because it would
only weaken the performance of the composite. In [82], the authors refer to experimen-
tally determined snubbing coefficients for nylon and polypropylene fibers embedded in
normal strength mortar giving the values f = 0.7 for polypropylene and f = 0.99 for
nylon. These values and the value f = 0.87 obtained for steel fibers in UHPC [75] are
depicted in Fig. 3.14b.
Variance of stress in short fiber reinforced composites
In short fiber reinforced composites, not only the force carried by a single fiber ff,i(w,Xi)
but also the sample size – number of bridging fibers kf – is a random variable. The total
composite stress as function of the opening of a single matrix crack bridged by short
fibers σc,X(w,X) is thus the sum of a random number of random contributions of indi-
vidual fibers Eq. (3.66). By virtue of the central limit theorem, the distribution of the
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Figure 3.14: Mean composite strength: (a) effect of bond strength τ and fiber length `f;
(b) normalized effect of the snubbing coefficient f .
sum tends to the Gaussian distribution [10, 106]. The two parameters of the distribution
are the mean value E[σc,X(w,X)], given by Eq. (3.67), and the variance D[σc,X(w,X)],
which is determined by utilizing the law of total variance (variance decomposition for-
mula) involving conditional probability as follows (the explicit dependency on w and X
is omitted within the derivation)
D[X ] = E[D(X |Y )]+D[E(X |Y )]. (3.85)
When this theorem is applied to the present case, X is substituted by ff and Y by kf so
that
D [σc,X] ·A2c = D
[
kf
∑
i=1
ff,i
]
= E
[
D
(
kf
∑
i=1
ff,i
∣∣∣∣∣kf
)]
+D
[
E
(
kf
∑
i=1
ff,i
∣∣∣∣∣kf
)]
(3.86)
where the A2c origins from the fact that D[cX ] = c
2D[X ]. Exploiting the independence of
ff,i and kf, Eq. (3.86) can be written as
D [σc,X] ·A2c = E [kf ·D( ff,X)]+D [kf ·E( ff,X)] =
= E[kf] ·D [ ff,X]+D[kf] · (E [ ff,X])2
(3.87)
and with the substitution ff,X = Af Ef εf0,X, the variance of the composite stress be-
comes
D [σc,X] = α
(
E[k] ·D [εf0,X]+D[k] · (E [εf0,X])2
)
, (3.88)
where α = E2f A
2
f /A
2
c . As stated in Sec. 3.2.1 in course of the derivation of Eq. (3.11), the
variance of the mean value of a random variable decreases inversely proportional to the
sample size – the number of bridging fibers. This tendency is revealed, if the expectation
E[kf] and the variance D[kf] in Eq. (3.88) are substituted by Eq. (3.62) and Eq. (3.63), re-
spectively. Furthermore, Ac in the constant α is substituted by Eq. (3.74) with E
[
Af,proj
]
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evaluated for randomly oriented fibers as 2Af (Eq. 3.77). The total variance can then be
rewritten as
D [σc,X(w,X)] = γ2σc,X(w) =
V 2f E
2
f
4nsf p
(
D [εf0,X(w,X)]+(1− p) · (E [εf0,X(w,X)])2
)
,
(3.89)
which includes the average number of bridging fibers, nsf p in the denominator.
Recalling the simplified evaluation of the mean strength of composites reinforced with
short fibers described above, the variance of the composite strength can be evaluated in
the same fashion by stating that
D
[
σ?c,X(X)
]
= γ?2σc,X = D [σc,X(∞,X)] . (3.90)
Having derived both the mean value (Eq. 3.78) and the variance (Eq. 3.90) of the com-
posite strength, the corresponding distribution of strength of a single composite crack
bridge is given by
Pf1(x) =Φ
(
x−µ?σc,X
γ?σc,X
)
, (3.91)
where Φ(·) is the standard normal distribution function, µ?σc,X is given by Eq. (3.78) and
γ?σc,X by taking the square root of Eq. (3.90).
It is convenient to use the coefficient of variation (COV[·]) as a measure of the scatter in
σc,X(w,X). The COV of the composite stress at any crack opening is defined as
COV[σc,X(w,X)] =
γσc,X(w)
µσc,X(w)
=
1√
nsf p
√
COV[εf0,X(w,X)]2+(1− p), (3.92)
with µσc,X(w) and γ2σc,X(w) given by Eq. (3.73) and Eq. (3.88), respectively. The COV
of the composite strength is then
COV[σ?c,X(X)] = COV[σc,X(∞,X)]. (3.93)
With the motivation to analyze the effect of geometrical parameters and fiber volume
fraction on the scatter in the composite strength, the total number of fibers in the com-
posite nsf and the probability p of a single fiber to be intersected by the crack plane are
in Eq. (3.92) substituted by Eq. (3.64) and Eq. (3.72), respectively. The COV of the
composite strength then becomes
COV[σ?c,X(X)] =
√
2Af
VfAc
√
COV[εf0,X(w,X)]2+(1− `f/2Lc). (3.94)
The dependencies of the composite cross-sectional area Ac and the fiber volume fraction
Vf on the COV of the composite strength are shown in Fig. 3.15a. Both variables influ-
ence the scatter in strength in the same way (COV[σ?c,X(X)]∝ x
−1/2, x∈ {Vf, Ac}) so that
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Figure 3.15: Scatter of short fiber composites strength: (a) influence of fiber volume
fraction Vf and of the composite cross-sectional area Ac; (b) influence of the
fiber length `f and of the composite length Lc. Material and bond parame-
ters: UHPC with steel fibers (τ = 1.8N/mm2, f = 0.87, Ef = 200GPa).
it is represented by a single diagram with two different horizontal axes corresponding to
the respective variables.
Fig. 3.15b depicts the dependency of the COV of the composite strength on the fiber
length `f and the composite length Lc. With longer fibers at a constant fiber volume
fraction, the total number of fibers in the composite nsf is reduced so that the variance
of the number of bridging fibers, given by Eq. (3.63) as nsf p(1− p) should be increased.
However, by Eq. (3.72), longer fibers are more probable to intersect a matrix crack,
which increases the probability p in variance formula. These two opposing effects cancel
each other within the product nsf p in the variance formula, but a minor effect remains
due to the (1− p) term (see below).
Concerning the variable composite length Lc, its effect is intuitively not significant. Only
in the extreme case when the composite length approaches the fiber length, most fibers
will have to cross the matrix crack because the variability of their distance to the crack
will be limited by the boundaries of the specimen (see increased slope of the corre-
sponding curve for small Lc values in Fig. 3.15b). However, for Lc `f, the fibers are
rather equally distributed along the specimen and the effect of Lc value on the scatter in
composite strength diminishes.
Mathematically, the multiplication nsf p in Eq. (3.92) cancels out both the composite
length Lc and the fiber length `f in the fraction and the COV depends on these variables
only due to the term (1− `f/2Lc) in Eq. (3.94). As the diagram Fig. 3.15b shows, this
dependency has a rather minor effect and thus confirms the intuitive conclusions made
above.
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Strength of multiply cracked FRCs
The addition of short fiber reinforcement into cementitious composites has traditionally
followed the aim to avoid shrinkage cracking [6]. For this purpose, low volume frac-
tions of fibers are used (<1%) and the composites are applied for structural elements
without requirements on load carrying capacity (e.g. industrial floors). Volume frac-
tions of fibers in the range 1% to 2% influence the mechanical crack bridging behavior,
i.e. increase the fracture toughness, ductility and impact resistance. Short fibers can
then partially replace continuous steel reinforcement [24] and reduce crack widths un-
der service loads [117, 118]. For modern composites, the short fiber reinforcement has
been optimized so that multiple cracks emerge upon tensile loading and the compos-
ite exhibits strain hardening behavior. This class of composites includes e.g. HPFRC
(high performance fiber reinforced concrete) [71, 92], SHCC (strain hardening cemen-
titious composites) [88, 125] or ECC (engineered cementitious composites) [81], which
achieve the favorable strain hardening with relatively low fiber volume fractions.
The strength of short fiber reinforced composites, which exhibit multiple cracking upon
tensile loading, will differ from the strength of a single isolated crack bridge described in
the previous section. For the evaluation of the strength of multiply cracked composites,
the analysis of the strength distribution of a single crack bridge can be applied in the
weakest link model. According to this model, the composite specimen with multiple
serial cracks as a result of the applied tensile load σ is only as strong as its weakest
crack bridge. This statement can be written in terms of failure probabilities of a total
number of nc crack bridges as
1− pf =
nc
∏
i=1
[1− pf,i] (3.95)
where pf is the failure probability of the composite and pf,i, i ∈ {1,2 . . .nc} are failure
probabilities of individual crack bridges. The term 1− pf is thus the survival probability
of the composite and 1− pf,i are survival probabilities of individual crack bridges. Given
the failure distributions of individual crack bridges as functions of the applied load in
the form
pf,i = Pf,i(σ), (3.96)
the continuous survival probability of the composite as a function of the applied load
can be derived by using Eq. (3.95) as
1−Pf(σ) =
nc
∏
i=1
[1−Pf,i(σ)] , (3.97)
where Pf(σ) is the distribution function of the composite failure. Note that Pf,i(σ) was
shown to be asymptotically normally distributed Eq. (3.91). The phenomenological in-
terpretation of Eq. (3.97) is that a composite survives the applied load σ with the proba-
bility that all individual crack bridges survive the load. Using probabilistic terminology,
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Figure 3.16: Weakest link scaling: (a) probability of failure of 1, 2 and 10 serially cou-
pled crack bridges; (b) median and 10−6 quantile strength scaling with
number of crack bridges.
it can be stated that the event of simultaneous survival of all crack bridges equals the
product of the marginal survival probabilities.
If all nc crack bridges share the same failure probability distribution Pf1(x) and are both
mechanically and statistically independent (IID - independent identically distributed),
Eq. (3.97) simplifies to
1−Pf(σ) = [1−Pf1(σ)]nc (3.98)
so that the probability distribution of the composite to fail (Fig. 3.16a), when the load σ
is applied, is
Pf(σ) = 1− [1−Pf1(σ)]nc . (3.99)
Practically, the inverse form – the strength of a composite σu given the reliability level
Pf – is more useful. This expression is obtained by inverting Eq. (3.99) to the form
σu(Pf) = P−1f1
(
1− [1− pf]1/nc
)
, (3.100)
with P−1f1 (x) being the inverse distribution function (’percent point function’) of the
strength of a single crack bridge. The strength of a multiply cracked short fiber rein-
forced composite as a function of the number of cracks is depicted in Fig. 3.16b for the
reliability levels Pf = 0.5 (median) and Pf = 10−6 (common design value for ultimate
limit states in civil engineering).
3.3.3 Hybrid reinforcement
It has been proved in many studies that the right combination of different reinforcing
materials improves the mechanical properties of composites. If, for example, one re-
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inforcement type has a high strength and stiffness but brittle failure and the other rein-
forcement type behaves ductile at high strains, composite behavior with the advantages
of both reinforcement types can be produced. In this way, the high stiffness and strength
of one reinforcement ensure a favorable behavior under serviceability conditions and the
other reinforcement type a safe, ductile failure in the ultimate state [96, 138]. Various
fiber types can be also combined with the motivation to strengthen composites with nat-
ural fibers while largely retaining their advantageous environmental impact [60, 124].
In brittle matrix composites, the addition of short fibers was found to significantly re-
duce the crack widths and stress at first crack while the ultimate load bearing capacity is
determined by a continuous reinforcement [59]. The addition of short fibers also signif-
icantly increases the composite toughness due to the high energy dissipated during fiber
pullout [9].
However, at the authors present affiliation experimental studies combining various rein-
forcing materials (AR-glass and carbon) in textile reinforced concrete were not unam-
biguously successful because the peak stress for each reinforcement was reached at a
different strain. The strength of the combined reinforcement was much lower than the
sum of the strengths of the marginal reinforcement types and no favorable synergy ef-
fects were achieved. For a qualitative reconstruction of this poor synergy see Fig. 3.17a.
In order to predict in advance the potential synergy of various reinforcement types, the
present crack bridge model for composites with independent fibers (rigid matrix) can
be used in a straightforward way. Being independent, the contributions of various re-
inforcement types are simply linearly combined. This approach was used for modeling
hybrid fiber bundles in [98]. Considering Nr reinforcement types, the general equation
for the mean crack bridge function is
µhybridσcX (w,X) =
Nr
∑
i=1
µσc,Xi(w,Xi), i ∈ {1, 2, . . . ,Nr}, (3.101)
where the i index denotes the ith reinforcement type. An example of favorable synergy
behavior is shown in Fig. 3.17b, where a reinforcement with high stiffness and brittle
failure controls a stiff composite behavior under service loads and the second reinforce-
ment type with high strain to failure and low stiffness ensures a ductile failure.
It is to be noted, that hybrid reinforcement can have other favorable effect not captured
by this model for uniaxial tension of unidirectional composites. The addition of short
fibers, for example, was found to increase the bond quality of the continuous phase and
inter-laminar shear strength [9].
3.4 Conclusions and discussion
This chapter provided an introduction into the probabilistic approach to the mechanics
of composites. By establishing the mathematical framework for the mechanics of an
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Figure 3.17: Qualitative demonstration of a weak (a) and good (b) synergy of two rein-
forcement types.
isolated composite crack bridge, the chapter has introduced an elementary unit for the
model of the strain-hardening response of unidirectional fibrous composites loaded in
tension, which is the final result of this thesis. The assumption of infinite matrix stiffness
used in the model formulation results in a system of independent, identically distributed
fibers. Their statistical average then represents the composite behavior, which is the
statement of the general homogenization Eq. (3.7). Dealing with a highly heterogeneous
material like textile reinforced concrete, the statistical-mechanical representation of its
behavior not only explains the composite’s mechanics, but also opens up the possibility
of predictions on the composite behavior.
For the mechanical-statistical homogenization model at the meso scale to be utilized,
the micromechanical behavior of an elementary entity, e.g. a single crack bridging fiber,
has to be formulated. This elementary function can be provided in analytical form or as
a differential equation with boundary conditions, which is solved by a suitable numer-
ical method. Variability in virtually every mechanical or geometrical parameter of the
function can then be considered within the evaluation of the composite response [17].
In order to demonstrate the model’s abilities of representing the behavior of composites
with heterogeneous reinforcement, elementary micromechanical crack bridging actions
of continuous and short fibers were formulated. These elementary functions were used in
a thorough parametric study to analyze the composite’s sensitivity to various parameters
and their scatter. Following general tendencies have been found:
Continuous fibers
Additionally to the random fiber strength commonly assumed in published research, ran-
domness in the bond strength and fiber radius was studied in this thesis when analyzing
composites with continuous fibers. An increased variability in every studied parameter
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generally decreases the mean composite strength because of the increased heterogeneity
which leads to stress concentrations within the composite’s cross-section. When ana-
lyzing the influence of random fiber strength, a review of the findings introduced by Oh
and Finnie [93] and Evans and Thouless [122] on the fiber failure position have been
provided and applied. Scalings of the mean composite strength with parameters, which
were analyzed in [28,102] could be reproduced. Furthermore, scalings of the crack open-
ing at composite peak stress were provided and analyzed. It was derived in Appendix A
that the expected value of the pullout length of a broken fiber equals its debonded length
at the instant of the fiber rupture divided by the factor m+ 1. For AR-glass fibers, for
example, m≈ 5.0, so that the fibers will on average rupture in a distance from the matrix
crack that equals 1/6 of their current debonded length.
Short fibers
Short fibers were assumed to be randomly placed and oriented in 3D space without mu-
tual interactions or interactions with the composite boundaries. This assumption results
in an additional random variable – the number of fibers bridging a matrix crack. It has
been shown that the random number of bridging fibers can significantly influence the
resulting variability of a short fiber reinforced composite. Furthermore, the performance
of composites with perfectly aligned and randomly oriented fibers was compared. It
has been analytically derived that the composite with randomly oriented fibers performs
better if the snubbing coefficient (a measure of the stress increase due to fiber inclina-
tion) exceeds a certain threshold value. Steel fibers in UHPC matrix and nylon fibers in
normal strength mortar have been shown to have a snubbing coefficient which exceeds
this threshold.
Limitations of the model and potential for further enhancement
Since the present model does not provide any information about the stress state in the
matrix, it cannot be used for predictions on subsequent matrix cracking in a multiple
cracking model. The model is also not applicable for composites with higher reinforce-
ment ratio, where the matrix deformations will influence the fiber stress state. These
limitations are eliminated in the next chapter, where elastic deformations of the matrix
are allowed and the important favorable features of the model remain preserved. It will
be shown that the basic principle of statistical homogenization applies also for the model
with deformable matrix, where fibers are mechanically dependent, i.e. their stress states
are interdependent due to the elastic deformations of the matrix.
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4 Crack bridge with elastic matrix – interacting fibers
This chapter continues the development of the model of an isolated composite crack
bridge with rigid matrix from the previous Chapter 3 and extends it by the effect of
longitudinal elastic deformation of the matrix. The new feature opens up the possibility
to evaluate the matrix strain profile in the vicinity of the matrix crack, which is needed
for predictions on quantities characterizing multiply cracked composites (e.g. crack
density vs. composite stress, composite toughness). The matrix strain fields affected by
the cracks are called shielded [61], slip [1] or ineffective [32] lengths in the literature and
mark the zones of unlikely occurrence of further matrix cracks upon increased tensile
load. Note that all predictive capabilities of the model with rigid matrix (mean composite
stress, strength, toughness, etc.) are retained in the present formulation.
When the matrix is considered elastic, the evaluation of the stress state in individual
fibers is more complicated because of their mechanical interdependence. However, once
the fiber stress state is described, classical Daniels’ fiber bundle models can be applied
for the evaluation of the homogenized composite stress which is represented by the sta-
tistical average of the random fiber bridging actions. When the stiffness ratio between
fibers and matrix tends to infinity, the state variables of fibers become independent and
the solution approaches the one obtained in Chapter 3 for crack bridge with rigid ma-
trix.
With the present formulation and the extensions presented in this chapter, the crack
bridge model creates a suitable unit for the model of multiple cracking of unidirectional
composites (Chapter 5). State variables in both fibers and matrix during the whole load-
ing process can be evaluated so that the model provides all quantities needed for a thor-
ough characterization of brittle matrix composites subjected to tensile loading. In this
chapter, the focus is on a single crack bridge: effects of micromechanical material prop-
erties, reinforcement ratio and boundary conditions on the state variables are discussed
and the transition to multiple cracking is outlined.
4.1 Assumptions and notation
All assumptions from the model with rigid matrix (Chapter 3) regarding the geometry
and elastic fiber properties, load sharing mechanism and averaging techniques are taken
over. The only exception is the elastic behavior of matrix, which is now taken into ac-
count by introducing its longitudinal modulus of elasticity Em. Justified by the weak
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bond and high matrix stiffness characteristic to ceramic (and cementitious) matrix com-
posites, only longitudinal matrix deformation are considered and shear deformations are
neglected, i.e. the shear modulus of the matrix is assumed to be infinitely large.
The mechanical idealization of the composite can now be described as a set of parallel
1D springs (representing the fibers) with tensile stiffness per unit length EfAf coupled to
a single 1D spring (representing the matrix) with the stiffness EmAc(1−Vf) through a
(possibly random) frictional bond with the shear flow per unit length 2pirτ . An important
deviation of the present model from the one with rigid matrix and from fiber-bundle
models in general is the interaction of the fibers due to the elastic matrix. Fibers are
therefore not mechanically independent which has to be considered when their stress
state is evaluated. It is implicitly assumed that fibers interact through the matrix only
and that no direct interaction via friction at the fiber-fiber interface takes place.
4.2 Model formulation
4.2.1 Homogenized composite response
It was explained in Chapter 3 that with the quasi-static crack opening w taken as control
variable, the composite stress can be kept tracking of also during the descending branch,
while a load controlled model would only be able to track the stress up to its peak value.
In the course of the explanation, it was stated that the crack opening equals the far field
displacement u for rigid matrix. This statement is not true if the matrix is assumed to
elastically deform (see Fig. 4.1). Depending on the fiber and matrix stiffness ratio and
on the bond strength, the total displacement of a tensile specimen u will be equal or
larger than the crack opening w. For some configurations, the composite stress σc vs. u
will exhibit snapback behavior resulting in an unstable damage process. This behavior
occurs, when the energy release rate exceeded its critical value at some point. The crack
opening w taken as control variable assures a stable process under all circumstances
(see solid curve in Fig. 4.1). The stress homogenization of a composite, which involves
heterogeneous reinforcement is mathematically identical to the formulation in Chapter 3,
Sec. 3.2. Therefore, only the resulting formulas are recalled at this point: the mean
composite crack bridge function denoting the expected value of the composites stress σc
as a function of a nonnegative crack opening w (Eq. 3.7) is defined as
E [σc,X(w,X)] = µσc,X(w) = EfVf E [νf(r)εf0,X(w,X)] , w≥ 0 (4.1)
and its maximum, the mean composite strength (Eq. 3.9), is defined as
E
[
σ?c,X(X)
]
= µ?σc,X = sup{µσc,X(w); w≥ 0}. (4.2)
The variance of the composite stress at a given crack opening was derived in Eq. (3.11)
and explained to decrease inversely proportional to the number of fibers. Much slower
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Figure 4.1: Composite tensile specimen as controlled by the composite stress σc, dis-
placement of the end point u and crack opening w.
decreasing is the variance in the mean composite strength. However, for practical com-
posite sizes, the variability of both these functions is negligibly small.
In order to evaluate the mean values given by the just recalled Eqns. (4.1) and (4.2),
the fiber crack bridge function εf0,X(w,X) has to be resolved as a function of the crack
opening w and a set of random variables defining the sampling space X. The formulation
of εf0,X(w,X) differs considerably from the one derived in Chapter 3 for the model with
rigid matrix. In the following two sections, fiber crack bridge functions are derived
separately for fibers with infinite strength and for fibers with finite (random) strength.
4.2.2 Fiber crack bridge function: infinite fiber strength
If the fiber strength is assumed infinite, the fiber crack bridge function can be derived
in a straightforward way. It will be shown in the next section that with finite (random)
fiber strength, the fiber crack bridge function has to be evaluated iteratively. For now, the
sampling space of the random variables X spans the two dimensions R2 of the random
bond strength τ and the random fiber radius r so that X ∈ {τ,r}.
The pullout of individual fibers from the matrix is assumed by the shear-lag model with
infinite shear stiffness and a constant bond strength τ with constant frictional stress
acting at the debonded interface [2, 23, 90]. When the applied external load σ causes
a matrix crack to open by the amount w, the bridging fibers debond along the length a
and transmit the force back to the matrix. The transmitted force is linearly proportional
to the bond strength and to the debonded length, which is a function of the random
variables from the sampling space X and of the crack opening w, i.e. a = f (w,X).
For the debonded fibers, the differential equilibrium equation from Chapter 3 defined in
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Eq. (3.12) is recalled (see Fig. 3.2)
Efε ′f,X(z)+Tz(z,X) = 0, (4.3)
with εf,X(z) being the fiber longitudinal strain, ε ′f,X(z) its derivative with respect to z
and Tz(X,z) the bond intensity given by Eq. (3.13). The difference of the present model
compared to the crack bridge model with rigid matrix emerges when the derivative of
the fiber strain with respect to the longitudinal position, derived from Eq. (4.3) as
ε ′f,X(z) =−
Tz(z,X)
Ef
, (4.4)
is integrated. The resulting fiber strain profile εf,X along z has its maximum at the crack
plane z = 0 and decays linearly with growing distance from the crack with the slope
−T/Ef, but does not decrease until zero like it was the case for the crack bridge model
with rigid matrix. At the end point of the debonded length, z = ±a, the fiber strain is
identical to the nonzero matrix strain εm(z = ±a) (see Fig. 3.2b and Fig. 4.2). Fiber
strain at the distance |z| ≥ a then equals the matrix strain εm(z) so that fibers and matrix
form a compact composite cross-section with a unique longitudinal strain shared by both
constituents. The expression for the fiber strain within the debonded range is obtained
by integrating Eq. (4.4) and taking into consideration the above mentioned boundary
conditions
εf,X(w,z,X) =
∫ z
−a
dεf,X(x)
dx
dx
= εm(−a)+ Ta−Tz(z,X)zEf , |z|< a.
(4.5)
For the complete z domain, the fiber strain is derived as
εf,X(w,z,X) =
 εm(a)+
Ta−Tz(z,X)z
Ef
: |z|< a
εm(z) : |z|> a
(4.6)
with εm(−a) = εm(a) due to symmetry. Note that these formulas involve the debonded
length a which is a function of w and X (see Fig. 4.2). The dimension of εf,X is thus
Rn+2 corresponding to the n dimensions of the sampling space X, the dimension of the
longitudinal position z and of the crack opening w. As it was the case in Chapter 3, the
maximum fiber strain εf,X(w,z = 0,X) then reduces the z dimension. For the present
model, it is derived as
εf0,X(w,X) = εf,X(w,z = 0,X) = εm(a)+
T (X)a
Ef
(4.7)
and has the dimension Rn+1 (see Fig. 4.2).
There are two unknowns in Eq. (4.7): the debonded length a(w,X) and the longitudinal
matrix strain εm(a). Note that for composites with high matrix stiffness compared to
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Figure 4.2: Strain in fibers and matrix in the vicinity of a composite crack bridge.
the fibers stiffness, εm(z) ≈ 0 and a(w,X) is a simple analytical function of w and X
given by Eq. (3.20). The fiber crack bridge function εf0,X(w,X) then has an analytical
form for w ≥ 0 given by Eq. (3.21) [108]. However, if the matrix deformations are not
negligible, individual fibers are interconnected and the evaluation of εf0,X(w,X) is not
trivial in general because it depends on the stress state of all fibers. In order to evaluate
the unknowns a(w,X) and εm(a), a differential equilibrium of stresses in the matrix with
a kinematic constraint are defined. The sought variables are then found as the solution
of an initial value problem, which is discussed in the next section.
Evaluation of the debonded length and the matrix strain profile
With the assumption of negligible shear deformations of the matrix (see Sec. 4.1), the
differential equilibrium of matrix stresses in the longitudinal direction can be stated as
Kcs(z)ε ′m(z)− t(z) = 0, (4.8)
where Kcs(z) is the longitudinal stiffness of the compact composite cross-section, ε ′m(z)
is the derivative of the matrix strain with respect to the longitudinal position and t(z)
is the longitudinal traction originating from the friction of debonded fibers at the fiber-
matrix interface. It is to be explained that the compact composite stiffness Kcs(z) in-
cludes the stiffness of the matrix and the stiffness of bonded fibers. Considering the
general case, where fibers have variable debonded lengths due to their random proper-
ties, the compact composite stiffness at a particular crack opening w (the dependency
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on w is not explicitly denoted in the following) and at the distance z from the crack is
derived as
Kcs(z) = EmAm+Ef
(
Af,tot−
nf
∑
i=1
Af,i ·H(a(Xi)− z)
)
(4.9)
and the longitudinal traction at w and z is
t(z) =
nf
∑
i=1
TiAf,i ·H(a(Xi)− z) (4.10)
which equals the traction of the debonded fibers, i.e. fibers with a > z. Here, Ti, Af,i,
and a(Xi) are the respective bond intensities, cross-sectional areas and debonded lengths
of individual fibers, Am is the matrix cross-sectional area and Af,tot is the total cross-
sectional area of all fibers. The function H(·) denotes the Heaviside step function which
was defined by Eq. (3.23).
Assuming a large number of fibers, the sum in Eq. (4.9) can be approximated in terms
of statistical averages as
nf
∑
i=1
Af,i ·H(a(Xi)− z)≈ nfE[Af ·H(a(X)− z)] (4.11)
and the sum in Eq. (4.10) can be approximated in a similar way as
nf
∑
i=1
TiAf,i ·H(a(Xi)− z)≈ nfE[TAf ·H(a(X)− z)]. (4.12)
Substituting these expressions back to Eqns. (4.9) and (4.10) and relating Kcs(z) and
t(z) to a unit composite cross-sectional area, i.e. dividing them by the composite cross-
section Ac provides the expression for their mean, normalized values
µKcs,X(z) =
EmAm
Ac
+
Ef
Ac
(Af,tot−nfE[Af ·H(a(X)− z)]) (4.13)
and
µt,X(z) =
nf
Ac
E[TAf ·H(a(X)− z)]. (4.14)
If Ac is now substituted by its asymptotic value for a large number of fibers (Eq. 3.3) as
Ac ≈ nfE[Af]/Vf and the substitution νf(r) = Af/E[Af] (given by Eq. 3.6) is applied, the
following resulting formulas are derived
µKcs,X(z) = Em(1−Vf)+Ef(Vf−E[νf(r) ·H(a(X)− z)]) (4.15)
and
µt,X(z) =VfE[T νf(r) ·H(a(X)− z)]. (4.16)
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Substituting these expressions into the original differential equilibrium equation
Eq. (4.8), the matrix strain derivative can be asymptotically expressed as
ε ′m(z)≈
µt,X(z)
µKcs,X(z)
(4.17)
which, with the initial value of zero matrix strain at the crack position, εm(0) = 0, pro-
vides the differential equation for the initial value problem, the solution of which is
the unknown matrix strain needed for the evaluation of the fiber crack bridge function
Eq. (4.7). However, the differential equation still includes the unknown debonded length
of fibers a. The additional equation needed for solving the unknown a is a kinematic con-
straint of the crack bridge problem stating that the crack opening is identical to all fibers
irrespective of their random parameters from the sampling space X. The crack opening
is defined as the fiber strain minus the matrix strain integrated over the whole debonded
range:
w =
∫ a
−a
εf,X(X,z)− εm(z)dz (4.18)
which implicitly includes the debonded length a and relates it to the crack opening w.
Note that for a particular realization of random parameters from the sampling domain
X, the integral (crack opening) can be interpreted as the shaded area in Fig. 3.2b. With
the substitution of the implicit expression for a given by Eq. (4.18) into Eq. (4.17), a
2nd order ODE is obtained which can be integrated using a suitable numerical method
to yield the matrix strain profile εm(z) and particularly its value at εm(a) needed for the
fiber crack bridge function Eq. (4.7).
The author of this thesis proposes a method for solving the differential equation, which
transforms it into a 1st order ODE with separable variables (see Appendix D) and pro-
vides a solution in closed form. The resulting formula for the matrix strain εm(w,ε ′f) is
written as a variable of the crack opening w and the fiber strain derivative ε ′f defined by
Eq. (4.4) and equals the matrix strain at the position of the debonded length of a fiber
with strain derivative ε ′f
εm(w,ε ′f) =
∫ ε ′f
−∞
ε ′m(ε
′
f,X)
∂a(w,ε ′f,X)
∂ε ′f,X
dε ′f,X (4.19)
with the differential
∂a(w,ε ′f,X)
∂ε ′f,X
=− a(w,ε
′
f,X)
2
[
|ε ′f,X|+ ε ′m(w,ε ′f,X)
] (4.20)
and the debonded lengths as a function of the fiber strain derivative and the crack opening
given by
a(w,ε ′f,X) =
√
exp
[
F(ε ′f,X)
]
w (4.21)
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Figure 4.3: Effect of boundary conditions on the fiber and matrix strain profiles (a-c).
Composite crack bridge function with boundary conditions on fiber debond-
ing (d).
with
F(ε ′f,X) =−
∫ 1
|ε ′f,X|+ ε ′m(w,ε ′f,X)
dε ′f,X. (4.22)
Having derived the debonded lengths of fibers a(w,ε ′f,X) and the matrix strain
εm(a(w,ε ′f)) by solving the differential equilibrium Eq. (4.17) with the kinematic
constraint Eq. (4.18), the fiber crack bridge function εf0,X(w,X) can be easily computed
by substituting these variables into Eq. (4.7).
4.2.3 Boundary conditions on fibers
Recalling that the ultimate goal of the crack bridge model is the simulation of a unidi-
rectional composite with multiple cracks in series, the present crack bridge model has
to be able to take into account the influence of neighboring cracks. At low tensile loads,
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the debonded lengths of fibers are rather short so that cracks can be considered inde-
pendently and with no restraints on fiber debonding. However, if the load increases, the
crack density grows and so do the debonded lengths of crack bridging fibers. When the
debonded lengths of fibers from two neighboring cracks connect, further debonding is
not possible and the fibers act like clamped to the matrix at the point of the connection
of the debonded lengths between cracks (the fiber slip is restrained). The position of
the debonded lengths contact can be with reasonable accuracy assumed to be at the half
distance between two adjacent cracks.
For the crack bridge model, the influence of neighboring cracks can thus be adapted
as zero slip boundary conditions on fibers which reflects their symmetrical stress state
between two cracks. In general, the distances to adjacent cracks at both sides of the
studied crack are different. The half way to the closer and more distant crack from
the analyzed crack shall be denoted L↓ and L↑ (see Fig. 4.3). These distances are the
positions of the boundary conditions on fiber debonding.
When fibers debond up to the symmetry point between two cracks, their further debond-
ing is restrained and the compliance of the crack bridge function grows slower with
growing crack opening, i.e. it grows only due to debonding on the other side of the
crack bridge. As soon as all fibers reach the boundary conditions on both sides of the
crack, the crack bridge compliance becomes a constant and the response upon further
crack opening is a linear function (assumed that no damage takes place). In order to
include the effect of the boundary conditions, the fiber crack bridge function εf0,X(w,X),
given by Eq. (4.7) for fibers with free debonding, has to be modified accordingly. De-
pending on the combination of adjacent crack distances and current debonded lengths,
fibers can either be clamped to the matrix at one side and freely debond at the other
side, or they have reached the boundaries at both sides and behave like clamped; these
two cases are described in the following two subsections for fibers with assumed infinite
strength.
One-sided debonding
Considering a single fiber that is clamped to the matrix at one side of the crack at the dis-
tance L↓ and freely debonds at the other side (see Fig 4.3b), the corresponding kinematic
constraint, defining the crack opening (Eq. (4.18) for free debonding at both sides), has
to be adapted as follows
w =
∫ a1
−L↓
εf,X(X,z)− εm(z)dz; a(w,ε ′f,X)> L↓. (4.23)
Here, a(w,ε ′f,X) is given by Eq. (4.21) and derived in Appendix D as debonded lengths of
fibers with free debonding. If these debonded lengths exceed L↓, the kinematic constraint
Eq. (4.23) applies and the fiber strain is integrated only within −L↓ and the debonded
lengths a1 of the one sided debonding fibers.
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The corresponding modification in the fiber crack bridge function Eq. (4.7) affects only
the function a(w,ε ′f,X), which is now denoted as a1(w,ε
′
f,X) for one sided debonding. The
full derivation is performed in Appendix D and the resulting form is
a1(w,ε ′f,X) =
√
2L2↓+ exp
[
F(ε ′f,X)
]
2w−L↓. (4.24)
Clamped fibers
As soon as the debonded length of a fiber reaches also L↑ – the half distance to the neigh-
boring crack which is further away (see Fig 4.3c), the kinematic constraint describing
the crack opening becomes independent of a – because there is no debonding taking
place anymore – and has the following form
w =
∫ L↑
L↓
εf,X(X,z)− εm(z)dz; a1(w,ε ′f,X)> L↑. (4.25)
The fiber crack bridge function with this constraint has a different form than Eq. (4.7).
It can be solved directly by integrating Eq. (4.25) and solving it for εf0,X, which turns
out to be a linear function of w (see Appendix D for derivation)
εf0,X(w,X) =
w+T/(2Ef)(L2↑+L
2
↓)+um(L↓)+um(L↑)
(L↑+L↓)
; a1(w,ε ′f,X)> L↑ (4.26)
where um(z) is the matrix longitudinal displacement relative to the crack position.
General form of the fiber crack bridge function with infinite strength
If all possible boundary conditions are taken into account, the fiber crack bridge function
can be written by a general formula
εf0,X(w,X) =
{
Eq. (4.7) : 0< aˆ(w,ε ′f,X)< L↑
Eq. (4.26) : L↑ < aˆ(w,ε ′f,X),
(4.27)
where
aˆ(w,ε ′f,X) =
{
Eq. (4.21) : 0< a(w,ε ′f,X)< L↓
Eq. (4.24) : L↓ < a(w,ε ′f,X)< L↑.
(4.28)
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4.2.4 Fiber crack bridge function: finite (random) strength
In this section, the fiber damage is introduced. If fibers reach their breaking strain,
ξ , they experience brittle failure and are assumed not to contribute to the total crack
bridging force. As pointed out by various authors studying the strength of composites
[32, 102, 122, 133], broken fibers transmit a residual stress due to pullout. However, the
effect is ignored in the crack bridge model with elastic matrix and fibers are assumed to
break exactly at the crack plane. Quantitative results therefore represent a lower bound
on strength and toughness.
The sampling domain has now three dimensions corresponding to the three random vari-
ables X ∈ {τ, r, ξ}. Using the Heaviside step function, the possibility of fiber rupture at
the strain εf0,rτ = ξ is introduced so that εf0,X is defined as
εf0,X(w,X) = εf0,rτ(w) ·H[ξ − εf0,rτ(w)], (4.29)
where εf0,rτ is the strain at crack plane of fibers with infinite strength (intact fibers).
Fiber ruptures, depending on εf0,rτ and ξ , cause stress redistribution which influences
the matrix strain state. Since εf0,rτ , on the other hand, depends on the matrix strain state
by Eq. (4.7) for free debonding or by Eq. (4.27) in general, the formulation is implicit
and εf0,rτ has to be computed iteratively.
The dependency of the matrix strain state on εf0,rτ is introduced by extending the dif-
ferential equilibrium of matrix stress Eq. (4.17) by an additional Heaviside term in the
variables µKcs,X and µt,X, which takes into consideration the fiber rupture. The evalua-
tion of the compact composite stiffness then becomes
µKcs,X(z,εf0,rτ) = Em(1−Vf)+Ef(Vf−E[νf(r) ·H(a(X)− z) ·H(ξ − εf0,rτ)], (4.30)
where the additional Heaviside term H(ξ − εf0,rτ) ensures the addition of the fraction
of broken fibers to the µKcs,X(z) stiffness. Broken fibers are thus assumed to form a
compact cross-section together with the matrix and contribute to the µKcs,X(z) stiffness
of the compact composite, on which the tractions of the intact debonded fibers act.
The mean longitudinal traction transmitted by fibers into the matrix µt,X(z), given by
Eq. (4.16), becomes with the additional Heaviside term
µt,X(z,εf0,rτ) =VfE[T νf(r) ·H(a(X)− z) ·H(ξ − εf0,rτ)], (4.31)
where H(ξ − εf0,rτ) ensures that only intact fibers contribute to the stress transmission.
Having extended µKcs,X(z,εf0,rτ) and µt,X(z,εf0,rτ) by εf0,rτ , the matrix strain derivative,
given by Eq. (4.17), is now
ε ′m(z,εf0,rτ) =
µt,X(z,εf0,rτ)
µKcs,X(z,εf0,rτ)
. (4.32)
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The implicit formulation of εf0,rτ is therefore written as
εf0,rτ(w) = εm(a,εf0,rτ)+
T
Ef
a (4.33)
for freely debonding fibers. For general boundary conditions on fiber debonding,
Eq. (4.27) is applied with Eq. (4.32) substituted for the matrix strain derivative. The
iterative process of finding the root of the implicit Eq. (4.33) involves the evaluation
of matrix and fiber strain state. Its solution provides both εf0,rτ and εm which then al-
low the fiber crack bridge function to be solved in one simple step by substitution into
Eq. (4.29).
4.2.5 Conclusions on the fiber crack bridge model with elastic matrix
Unlike in the case of the crack bridge model with rigid matrix, the model with elastic
matrix only allows the evaluation of the strain state of an individual fiber in connection
with the strain state in all other fibers and the matrix. Fibers and matrix here form an
interconnected system.
In Sec. 4.2.3 considering fibers with infinite strength, a set of fiber crack bridge functions
was provided covering the possible boundary conditions of a crack bridge which is a part
of a multiply cracked composite. Then, in Sec. 4.2.4, fiber damage was introduced. The
evaluation of a fiber crack bridge function with the possibility of fiber damage was shown
to be an iterative process because upon fiber failure, stress redistributions between fibers
and matrix take place.
In the following section (Sec. 4.3), various limit cases demonstrate that the model just
introduced in its most general form reduces to elementary forms for correspondingly set
input parameters. This analysis serves as a verification of the robustness of the model
formulation.
4.3 Limit cases
In order to verify the model’s robustness, the following sections demonstrate elemen-
tary examples of mean composite crack bridge functions (Eq. 4.1), where the fiber crack
bridge function (Eq. 4.29) derived in Sec. 4.2.4 is applied with extreme values of some
parameters to yield known analytical solutions. The analytical solutions are then com-
pared with derivations performed by the crack bridge model for the corresponding pa-
rameters set to the limit values. Following limit cases are considered:
• Strain based fiber bundle model
• Rigid matrix crack bridge model
• Mono-filament in elastic matrix
60
4.3.1 Strain based fiber bundle model
The strain based fiber bundle model described in Sec. 2.4 is a special case inherently
included in the crack bridge model with random fiber breaking strain and boundary
conditions at finite distances L↓ and L↑. The crack bridge model is to converge to the
strain based fiber bundle model as the bond strength approaches zero and the matrix
stiffness infinity.
Analytical solution
It is recalled at this place that the mean stress vs. strain relationship of the fiber bundle
model with random fiber breaking strain is given by
µσb(ε,L) = Efε
[
1−Fξ (ε,L)
]
, (4.34)
where ε = u/L is the bundle strain (see Fig. 4.4) and Fξ (ε,L) is the distribution function
of the fiber breaking strain at length L.
Convergence of the crack bridge model
The mean composite crack bridge function (given by Eq. 4.1) for fibrous reinforcement
with random fiber breaking strain is
µσc,ξ (w,ξ ) = EfE [εf0(w) ·H[ξ − εf0(w)]] , (4.35)
with εf0(w) being the fiber crack bridge function with infinite strength defined generally
by Eq. (4.29). As the bond strength approaches zero, the debonded lengths of fibers
a(w,X) and a1(w,X) alike approach infinity for any values of w> 0. Since the boundary
conditions L↓ and L↑ are finite, εf0(w) is given by Eq. (4.26), which is the form of the
Figure 4.4: Limiting behavior of the crack bridge model as the bond strength decreases.
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Figure 4.5: Limiting behavior of the elastic matrix crack bridge model as the matrix
stiffness is increased.
fiber crack bridge function for a(w,X) > L↑. Substituting T = 2τ/r = 0, the equation
simplifies to
εf0(w,X) =
w+um(L↓)+um(L↑)
(L↑+L↓)
. (4.36)
Applying the limiting assumption of infinite matrix stiffness, the matrix displacements
um become zero so that
εf0(w,X) =
w
(L↑+L↓)
. (4.37)
Because the matrix is infinitely stiff, the crack opening equals the total far field displace-
ment and Eq. (4.37) is the definition of constant tensile strain of a dry fiber of length
L↑+L↓. This strain equals the ε variable in Eq. (4.34) when L = L↓+L↑. Substituting
Eq. (4.37) into Eq. (4.35) and assuming the breaking strain of a fiber of the total length
L↑+L↓ to be distributed with Fξ (ε,L), where ε = εf0,X and L = L↑+L↓, yields
µσc,ξ (w,ξ ) = EfE[εf0(w) ·H[ξ − εf0(w)]] =
= Efεf0(w)
∞∫
−∞
H[ξ − εf0(w)] fξdξ =
= Efεf0(w)
∞∫
εf0
fξdξ = Efεf0(w)
[
1−Fξ (εf0(w))
]
,
(4.38)
with fξ being the density of the braking strain. This result is equivalent to Eq. (4.34)
and thus proves the convergence. Fig. 4.4 depicts numerically evaluated mean composite
crack bridge functions demonstrating the convergence to the asymptotic FBM result with
decreasing τ .
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4.3.2 Rigid matrix crack bridge model
If the matrix stiffness is increased, the results of the crack bridge model with elastic
matrix should converge to those evaluated by the crack bridge model with rigid matrix
(Chapter. 3). For reasons of simplicity, free debonding and infinite fiber breaking strain
are assumed throughout the following derivation proving the convergence.
Analytical solution
It is recalled that the mean composite crack bridge function for the crack bridge model
with rigid matrix is given by
µσc,X(w) = EfVf E [νf(r)εf0,X(w,X)] , w≥ 0, (4.39)
where εf0,X(w,X) is given by
εf0,X(w,X) =
√
Tw
Ef
(4.40)
for fibers with infinite strength. Since the homogenization of the composite stress in
terms of mean values is identical to both models, it suffices to prove that εf0,X(w,X)
given by Eq. (4.7) for the model with elastic matrix asymptotically converges to
εf0,X(w,X) given by Eq. (4.40) as the matrix stiffness grows.
Convergence of the crack bridge model
Eq. (4.7) defines the fiber crack bridge function for free debonding and elastic matrix
as
εf0,X(w,X) = εm(a)+
T (X)a
Ef
. (4.41)
As the matrix stiffness grows, the matrix strain εm(z) approaches zero. The debonded
length a is given by Eq. (4.21) as
a(w,ε ′f,X) =
√
exp
[
F(ε ′f,X)
]
w, (4.42)
with F(ε ′f,X) being the integral
F(ε ′f,X) =−
∫ 1
|ε ′f,X|+ ε ′m(w,ε ′f,X)
dε ′f,X (4.43)
derived in Appendix D. With the same argumentation as above, the matrix strain deriva-
tive ε ′m(w,ε ′f,X) becomes zero for infinitely stiff matrix so that
F(ε ′f,X) =−
∫ 1
|ε ′f,X|
dε ′f,X =−ln(|ε ′f,X|). (4.44)
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Figure 4.6: Limiting behavior of the elastic matrix crack bridge model with deterministic
parameters compared to the analytical solution.
With the substitution of Eq. (4.44) into Eq. (4.42), a can be evaluated as follows:
a(w,ε ′f,X) =
√
exp
[
−ln(|ε ′f,X|)
]
w
a(w,ε ′f,X) =
√
w
|ε ′f,X|
=
√
Efw
T
.
(4.45)
Eq. (4.41) with zero matrix strain and the substitution of Eq. (4.45) for a becomes
εf0,X(w,X) =
√
Tw
Ef
(4.46)
which equals Eq. (4.40) and gives the proof of asymptotic convergence. Fig. 4.5 depicts
numerically evaluated mean composite crack bridge functions demonstrating the conver-
gence to the asymptotic crack bridge model with rigid matrix as the matrix stiffness Em
increases. Unlike in the analytical derivation, in the numerical study the fiber strength
was assumed finite and random.
4.3.3 Mono-filament in elastic matrix
The third limit case is the crack bridge with elastic matrix and fibers with deterministic
properties and infinite strength. This case has an analytical solution which is derived
next and the numerical crack bridge model presented in this chapter will be proved to
yield this analytical solution for deterministic properties.
Analytical solution
For fibers with deterministic properties and infinite fiber strength, analytical solutions to
εm(a) and µσc(w),w > 0 exist. Considering free debonding at both sides of the crack,
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the stress state in the crack bridge is symmetrical so that only the right hand side is
analyzed in the following derivation. At a given crack opening w, all fibers have the
same debonded length a. The matrix strain in the range z ∈ (0,a) is then linear and
so is the strain of all fibers. The slope of the fiber strain (see Fig. 4.6) is the force
transmitted by the bond into the fiber per unit length, −2τrpi (with minus sign because
the force decreases with growing distance z from the matrix crack), divided by the fiber
cross-sectional area pir2 and by the modulus of elasticity Ef
ε ′f(z) =−
2τrpi
pir2Ef
=− T
Ef
, z ∈ 〈0,a〉. (4.47)
The slope of matrix strain up to a, where all fibers are debonded and transmit stress into
the matrix, is given as
ε ′m =
VfT
Em(1−Vf) , z ∈ 〈0,a〉 (4.48)
i.e. by the stress transfer TVf acting on a matrix with stiffness Em(1−Vf). With the
initial value εm(0)= 0, meaning zero matrix strain at the crack position, it can be directly
integrated and results in a linear matrix strain within the debonded range (see Fig. 4.6)
εm(z) =
VfT
Em(1−Vf)z, z ∈ 〈0,a〉. (4.49)
The integration of the fiber strain derivative −T/Ef results in the fiber strain profile
εf(z) =
∫
ε ′f(z)dz =
∫
− T
Ef
dz =− T
Ef
z+C, z ∈ 〈0,a〉. (4.50)
With the boundary condition εm(a) = εf(a), the constant C is solved to be C = εm(a)+
Ta/Ef, which, substituted back into Eq. (4.50) results in
εf(z) = εm(a)+
T (a− z)
Ef
, z ∈ 〈0,a〉. (4.51)
The fiber strain at the crack position thus becomes
εf0(a) = εf(0) = εm(a)+
Ta
Ef
. (4.52)
The remaining unknown – debonded length a – can be solved by utilizing its connection
to the control variable w through the integral Eq. (4.18) that defines the crack width.
With the substitution of Eq. (4.51) and Eq. (4.49) for εf,X(z) and εm(z), respectively, it
becomes
w
2
=
∫ a
0
εf,X(z)− εm(z)dz =
=
∫ a
0
εm(a)+
T (a− z)
Ef
− VfT
Em(1−Vf)zdz =
=
[
T Ec
2EfEm(1−Vf)
]
a2
(4.53)
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with Ec = EfVf+Em(1−Vf). The debonded length is then solved as
a =
√
EfEm(1−Vf)w
T Ec
(4.54)
and substituting it into Eq. (4.52) results in the analytical form of the fiber crack bridge
function:
εf0(w) =
√
T Ecw
EfEm(1−Vf) . (4.55)
Analytical analysis of the crack bridge model
The elastic crack bridge model is to result in the form of Eq. (4.55) derived above analyt-
ically. Using the general Eq. (4.29), which is actually equal to the derived Eq. (4.52), the
matrix strain εm(a) given by Eq. (4.19) and the debonded length a given by Eq. (4.21)
have to be evaluated for the special case of deterministic fiber and bond properties.
Within the range z ∈ (0,a), all fibers are debonded and transmit the stress TVf into the
matrix, which has therefore a constant strain derivative in this interval. The debonded
length as a constant for all fibers, can then be evaluated by Eq. (4.21) as follows:
a(w,ε ′f) =
√
exp
[
F(ε ′f)
]
w =
√
w
|ε ′f|+ ε ′m
, (4.56)
where Eq. (4.22) was substituted for F(ε ′f), which equals
F(ε ′f) =−
∫ 1
|ε ′f|+ ε ′m
dε ′f =−ln(|ε ′f|+ ε ′m) (4.57)
because ε ′m is a constant within the debonded length. The matrix strain εm(a) is now
evaluated by using Eq. (4.19) with the substitution Eq. (4.20) for the differential so
that
εm(a) =
∫ ε ′f
−∞
ε ′m(εˆ
′)
∂a(w, εˆ ′)
∂ εˆ ′
dεˆ ′ =
∫ ε ′f
−∞
− ε
′
ma(w, εˆ ′)
2 [|εˆ ′|+ ε ′m]
dεˆ ′. (4.58)
Now Eq. (4.56) is substituted for a(εˆ ′), which results in
εm(a) =
∫ ε ′f
−∞
−
√
w
|εˆ ′|+ ε ′m
· ε
′
m
2 [|εˆ ′|+ ε ′m]
dεˆ ′ =−ε
′
m
√
w
2
∫ ε ′f
−∞
1
[|εˆ ′|+ ε ′m]3/2
dεˆ ′ (4.59)
and with the integration performed as∫ ε ′f
−∞
1
[|εˆ ′|+ ε ′m]3/2
dεˆ ′ =− 2√|ε ′f|+ ε ′m (4.60)
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the matrix strain becomes
εm(a) = ε ′m
√
w
|ε ′f|+ ε ′m
= ε ′m a, (4.61)
where the last equality results from Eq. (4.56).
Now, it remains to evaluate the constants ε ′f and ε
′
m by using Eqns. (4.4) and (4.17),
respectively, as
ε ′f =−
T
Ef
(4.62)
and
ε ′m =
TVf
Em(1−Vf) . (4.63)
The fiber crack bridge function, Eq. (4.29), with substitutions of Eq. (4.61) for εm(a)
and Eq. (4.56) for a becomes
εf0 = εm(a)+
Ta
Ef
= ε ′m
√
w
|ε ′f|+ ε ′m
+
√
Tw
Ef
[|ε ′f|+ ε ′m] (4.64)
and with the substitution of Eq. (4.62) for ε ′f and Eq. (4.63) for ε
′
m the result is
εf0(w) =
√
T Ecw
EfEm(1−Vf) , (4.65)
which equals to Eq. (4.55) and thus proves the ability of the model to reflect the analyt-
ical solution for this limit case (see Fig. 4.6).
4.4 Shielded zones
Now that the single fiber crack bridge function together with the matrix strain profile
have been derived and validated, the concept of shielded lengths can be studied in detail.
Shielded lengths denote a range close to the matrix crack with lower matrix strain than
the far field value and thus low probability of further cracks to form. They represent
an important quantity for the multiple cracking model which simulates the formation
of cracks based on the matrix strength and stress state fields. Depending on the model
assumptions regarding the bond vs. slip relationship and constituent stiffnesses, shielded
lengths can vary in size and form. A review of the corresponding theories is given
in [42].
With reasonable accuracy, the bond stress vs. slip relationship can be assumed ideally
plastic defined by a single deterministic parameter and the matrix shear stiffness infinite
[2,28,61,102,111]. Models with these assumptions evaluate the matrix strain as linearly
ascending with growing distance from the crack up to the far field value (see Fig. 4.7a).
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The shielded lengths grow linearly with respect to the applied load and the matrix strain
value within the shielded lengths does not grow upon load increase (see Fig. 4.7c). New
matrix cracks can thus only appear in ranges with the far field strain value which are
outside of the shielded lengths.
Investigations focusing on a single fiber pullout problem assume more complex forms
of strain profiles along the longitudinal axis. In [43], the author performs a linear elas-
tic analysis of fiber pullout following the shear-lag theory. However, it has been shown
that the adhesion bond is damaged if the slip exceeds a certain value and the fiber slides
along the matrix interface against a frictional stress. Stress criterion and energetic crite-
rion were introduced in [65,89,119] in order to evaluate the bond damage and subsequent
debonding. Partial fiber debonding was introduced in [78,121] and resulted in piecewise
analytical form of matrix and fiber strain. Authors in [12] included the effect of radial
fiber contraction which results in a constant pullout force as soon as the radial contrac-
tion becomes significant. These more complex models predict rather complicated matrix
strain profiles, where the shielded lengths often cannot be unambiguously defined.
The model presented in this chapter assumes the simple shear-lag model for pullout of
individual fibers with constant shear stress along the debonded interface but since fibers
can have variable bond strength, the matrix strain profiles are not linear (see Fig. 4.7b).
Three ranges can be distinguished within the matrix strain profiles εm(z) if the random
bond intensity T = 2τ/r has lower and upper bounds.
• Close to the matrix crack, εm(z) grows linearly because all fibers are debonded in
this range and thus transmit a constant stress per unit length into the matrix. In this
range, the model is equal to the simplified models assuming a constant frictional
bond.
• However, at a certain distance from the crack (denoted by amin in Fig. 4.7b), the
debonded length of fibers with the highest bond intensity is reached so that they
do not contribute to the stress transmission further on. With growing distance
from the crack, the overall stress µt,X transferred into the matrix decreases and the
compact composite stiffness µKcs,X increases so that the derivative of the matrix
strain Eq. (4.17) is nonlinear and decreases until it reaches zero at amax. Between
amin and amax, the effective bond of the fibrous reinforcement exhibits a hardening
relationship with respect to the slip.
• The point amax corresponds to the debonded length of fibers with the lowest bond
intensity (longest debonded lengths) and marks the beginning of the third range of
a compact composite cross-section subjected to the far field stress.
If the term ’shielded zones’ had to be used for the presented model, it could in fact be
assigned only to the first range of the matrix strain profile where z = (0,amin). Here, the
matrix strain cannot grow upon composite stress increase so that no further matrix cracks
will occur. Within the range z = (amin,amax), the matrix strain is lower than its far field
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Figure 4.7: Shielded lengths in the matrix strain profiles: deterministic bond intensity
(a); random bond intensity (b). Growth rate of matrix strain with respect to
the applied far field load σ : deterministic bond intensity (c); random bond
intensity (d).
value but sill grows upon composite stress increase (hardening of the effective bond).
However, the growth rate is lower than within the far field range z = (amax,∞). Cracks
may appear in z = (amin,amax) but the probability of this event is lower than within the
third range of constant far field matrix strain, where the matrix strain grows fastest (see
Fig. 4.7d). Therefore, the range z = (amin,amax) can be called ’partly shielded’.
4.5 Analysis and p-study
In what follows, results of the statistical homogenization of the fiber crack bridge func-
tion by Eqns. (4.1) and (4.2) is presented. Mean crack bridge functions and mean com-
posite strength are evaluated in separate sections for fibers with infinite strength and with
finite, random strength. Qualitative sensitivity of the crack bridge response on various
parameters is of course similar to the rigid matrix crack bridge model (see Chapter 3).
To avoid unnecessary redundancies, this analysis points out only the effects of the elastic
matrix on the composite response. In order to parametrize the influence of the elastic
matrix deformation, the parameter k is introduced as
k =
VfEf
Ec
(4.66)
which relates the fibers stiffness to the composite stiffness (Ec = Em(1−Vf)+EfVf by
rule of mixtures). For k values close to zero, the results approach the ones obtained with
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the rigid matrix crack bridge model in Chapter 3. the effect of k is studied in Sec. 4.5.1,
which is concerned with infinitely strong fibers and in Sec. 4.5.2, where the possibility
of fiber rupture at random strain is additionally considered.
4.5.1 Infinite fiber strength
Figure 4.8: Infinite fiber strength: effect of k and scatter of r and τ (a) on the mean fiber
stress; (b) on the mean fiber strength; (c) on the crack opening at peak stress.
Assuming infinite fiber strength and free debonding, the fiber crack bridge function can
be evaluated using Eq. (4.7), which implicitly includes the evaluation of the matrix strain
profile by Eq. (4.19). The mean composite crack bridge function is then evaluated by
applying Eq. (4.1), which computes the statistical average of the fiber crack bridge func-
tion. In the present case, the bond strength and fiber radius are considered as random
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variables. Therefore, the evaluation of Eq. (4.1) takes on the specific form:
µσc,rτ(w) = EfVf E [νf(r)εf0,rτ(w,r,τ)] = EfVf
x
rτ
νf(r)εf0,rτ(w,r,τ) ·grτ(r,τ)dr dτ
(4.67)
with grτ(r,τ) being the joint density function for the random variables r and τ and
εf0,rτ(w,r,τ) given by Eq. (4.7). Evaluations of mean composite crack bridge functions,
the explicit influence of the fibers-to-composite stiffness k on the composites stress at a
given crack opening and matrix strain profiles are shown in (Fig. 4.8).
In particular, Fig. 4.8a shows the effect of k and the scatter in r and τ on the mean
fiber stress vs. crack opening (= composite crack bridge function normalized by the
reinforcement ratio). Crack widths corresponding to a given value of mean fiber stress
decrease with increasing k and vice versa - for a given crack opening value, the mean
fiber stress increases with increasing k. The effect of scatter in r and τ around a constant
mean value was thoroughly discussed in Chapter 3. It can be generally concluded that a
higher scatter reduces the mean composite stress.
In Fig. 4.8b, the mean fiber stress is depicted as a function of k for constant w = 0.5
and two levels of scatter in the random variables r and τ . It shows the tendency of
mean composite stress reduction described above for a range of k within the vertical cut
depicted as dash-and-dots in Fig. 4.8a. Note that the variability in k was achieved by
adapting the reinforcement ratio Vf.
Fig. 4.8c shows the influence of variability in r and τ on the matrix strain profiles for k=
0.1 and k = 0.3 at the constant crack opening w= 0.5. Higher k values result in a higher
gradient in matrix strain close to the crack and thus transmission of force from fibers to
matrix over a shorter length. This is the well known effect of higher reinforcement ratio
reducing the crack spacing and crack widths. In general, shielded lengths will decrease
with growing µt,X/µKcs,X (Eq. 4.17) ratio, i.e. with growing Vf, τ and with decreasing r
and Em (the effect of Ef is minor). For the behavior of composites subjected to tensile
loading, shorter shielded lengths result in a higher crack density, which is a favorable
property of composite materials. Design criteria in European standards for reinforced
concrete, for example, aim to maximize the crack density by setting minimum limits on
reinforcement ratio and maximum limits on reinforcement diameter.
4.5.2 Random fiber strength
Adding another random variable – the fiber breaking strain ξ – makes the evaluation
of the fiber crack bridge function, given now by Eq. (4.29), an iterative procedure as
described in Sec. 4.2.4. The evaluation of the mean composite crack bridge function
Eq. (4.1) takes on the specific form:
µσc,X(w) = EfVf E [νf(r)εf0,X(w,X)] = EfVf
y
X
νf(r)εf0,X(w,X) ·gX(X)dX (4.68)
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Figure 4.9: Random fiber strength: effect of k and scatter of r and τ (a) on the mean fiber
stress; (b) on the mean fiber strength; (c) on the crack opening at peak stress.
with X ∈ {r,τ,ξ} and gX(X) being the joint density function of the three random vari-
ables. The mean composites strength is then, by Eq. (4.2), the maximum of Eq. (4.68)
µ?σc,X = sup{µσc,X(w); w≥ 0}. (4.69)
Particular normalized mean composite crack bridge functions for random r, τ , ξ and
variable k are depicted in Fig. 4.9a. They show the tendencies in strength and crack
opening at peak stress which are in detail depicted in Fig. 4.9b and Fig. 4.9c, respec-
tively.
Fig. 4.9b shows the normalized mean composite strength as a function of scatter in the
random variables r and τ and of the fiber-to-composite stiffness k. As it was the case in
the previous section, r and τ are assumed to be uniformly distributed with mean values
µr and µτ , respectively. The additional random variable ξ is distributed according to
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Eq. (B.12) derived in Appendix B. By the assumed statistical independence, the joint
density function of these random variables is the product of their marginal densities.
An increase in strength is observable with growing k, although the sensitivity is only
considerable for higher COV values. With growing scatter in r and τ , the strength de-
creases relatively fast as was thoroughly discussed in Chapter 3. The sensitivity of the
crack opening at peak stress w?X to the value of k is very high. It decreases with lower
k corresponding to an increasing matrix stiffness. Phenomenologically, a compliant ma-
trix stretches together with the reinforcement and thus the cracks open slowly upon stress
increase. In the extreme limit of zero matrix stiffness, the crack widths would be zero.
With a perfectly rigid matrix, on the other hand, the matrix would form rigid blocks
between the cracks so that the overall tensile prolongation of the composite upon stress
increase would be only due to the crack openings. The sum of all crack widths would
then equal the integrated reinforcement strain along the whole composite.
An analysis of the crack width at peak stress with respect to the scatter of the variables
r and τ was performed in Chapter 3. It was also shown that the maximum crack width
depends on the scatter in fiber strength and that it is theoretically completely insensitive
to variations in r if the Weibull modulus of the fiber braking strain ξ equals 5.0 and
insensitive to τ if the Weibull modulus ξ equals 1.0. The model with elastic matrix
shows in addition to the known conclusions from Chapter 3 that growing k increases the
sensitivity of w?X on the COV of r and τ (Fig. 4.9c).
4.6 Conclusions and discussion
With the presented modeling framework, the composite response to applied tensile load
can be the thoroughly evaluated including state fields in both fibers and matrix. This
opens up the possibility to study the toughness and ultimate limit states of a single crack
bridge in a composite with heterogeneous reinforcement and elastic matrix. Having
introduced the influence of boundary conditions on the composite response, the single
crack bridge model can be used for a multiple cracking model with interacting seri-
ally coupled cracks. Detailed calculations of matrix strain state and the corresponding
’shielded zones’ (see Sec. 4.4) allow for predictions on the cracking sequences in a mul-
tiply cracked composite.
It has been shown that considering elastic deformations of the matrix, the crack widths
at composite failure tend to be smaller with growing fibers-to-composite stiffness ratio
k. This effect is advantageous for the durability of composites but should be taken into
account when evaluating the damage state of a structure based on crack width observa-
tions. A slight increase in composite strength is predicted for growing k (see Fig. 4.9).
The reason for the strength increase is the reduced variability of fiber strains due to the
elastic matrix when compared to the fiber strains in a composite with rigid matrix. The
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elastic matrix ’evens up’ the non-uniform stress within the cross-section caused by the
heterogeneous fiber properties.
The model formulation has been verified by comparing its limit cases to known ana-
lytical solutions. Experimental validation of the model accuracy is unrealistic because
composites tend to form multiple cracks if loaded in tension. The effect of elastic matrix
stretching would thus be difficult to keep track of. However, in the following chapter,
the crack bridge model is used as an elementary part of the stochastic cracking model,
which will be experimentally validated in an calibration-prediction-validation loop in
the last chapter.
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5 Multiple cracking model
Well designed composites subjected to tensile loading tend to form multiple matrix
cracks perpendicular to the loading direction causing what is called quasi-ductility.
When saturated state is reached, existing cracks open upon further load increase and the
composite response shows a ’strain hardening’ phase as the reinforcement is stretched. It
is characterized by an approximately linear behavior up to ultimate failure (see Fig. 5.1a
and Fig 5.5) and is phenomenologically a stiffening of the composite response after the
quasi-ductile phase. The stiffness of a saturated composite during the strain hardening
equals the stiffness of dry reinforcement multiplied by the fiber volume fraction. Due to
residual tensile stress in the fragmented matrix between cracks, however, the composite
tensile stress values are shifted upwards relative to the dry reinforcement by an offset
that equals the average tensile stress in the matrix fragments (see Fig 5.5).
Composites used as structural materials are required to sustain high loads and to exhibit
a ductile behavior. If fulfilled, these requirements ensure that structural elements will
have a high strength and large stress redistribution capacity making them resistant to
concentrated stresses. Additionally, a high ductility guarantees timely signalization of
the ultimate failure by large visible deformations. The model introduced in this chapter
is capable of optimizing the behavior of multiply cracked composites not only in terms
of ductility, strength and stiffness, but also in terms of serviceability state requirements:
crack spacing, crack widths and deformation. Since the multiple cracking model builds
on the crack bridge model introduced in the previous chapter, its abilities to simulate
the behavior of heterogeneous reinforcement and random fiber strength are preserved.
The multiple cracking model additionally includes the feature of matrix strength vari-
ability. Composites can thus be studied with respect to both reinforcement and matrix
parameters as well as their variability.
In Sec. 5.1, mechanical models simulating the behavior of composites are reviewed and
discussed with focus on probabilistic models. The model formulation is described in
Sec. 5.2 and a p-study of the formulated model is presented in Sec. 5.3. In Sec. 5.4,
special emphasis is given to the problem of composite strength, its dependency on the
reinforcement ratio and a simplified model for the strength of a multiply cracked com-
posite is given. Sec. 5.5 concludes the issue of multiple cracking and summarizes the
main results.
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5.1 State of the art
5.1.1 Modeling approaches
The most general approach to examine the mechanical behavior of composites subjected
to mechanical or thermal loading in 3D is to explicitly model the individual constituents
and their bond and evaluate the physical processes by a suitable numerical method. Fi-
nite element method was applied e.g. in [104] and lattice models in [11, 79]. Being
most general, the explicit modeling of individual constituents is also the most computa-
tionally intensive approach. The problem to solve employs a large number of nonlinear
equations corresponding to the degrees of freedom and nonlinear material or interface
behavior.
In order to avoid the computational demand, which might be highly redundant, much
research has been focused on multi-scale models that work with RVEs (representative
volume elements). The micromechanics of an RVE is then studied in detail with e.g.
FEM [135–137], shear-lag analysis [94,136], Green’s function [66,134,137], fiber bun-
dle model with equal load sharing [28, 46, 47, 51, 101, 115] and the behavior of a larger
scaled domain is then extrapolated while respecting the size-effects.
For textile reinforced concrete, finite element analyses with smeared reinforcement prop-
erties have been used in [73, 74]. In order to reflect the reinforcement heterogeneity, the
reinforcing yarns were discretized into a finite number of layers connected by shear el-
ements. In [5], finite elements were used to simulate the multiple cracking behavior of
textile reinforced concrete and, in particular, zones of overlapping reinforcement.
Unidirectional composites
For purely tensile loading of unidirectional composites with homogeneous fibrous rein-
forcement, the geometry can be simplified to one dimension and analytical methods can
be applied. A large number of models have been formulated with the goal to describe
the tensile strain-hardening behavior and tensile strength. The first model to mention is
due to Aveston, Cooper and Kelly [2], where a trilinear representation of the composite
tensile response was given (ACK model, Fig 5.1a and Fig 5.5). The first branch has the
stiffness of the composite defined by the rule of mixtures as
Ec = EfVf+Em(1−Vf). (5.1)
The second (horizontal) branch reflects the multiple cracking of the matrix (or gener-
ally the brittle constituent) and the third branch represents the composite behavior in
saturated state having the stiffness EfVf. The vertical offset between the stress-strain
behavior of dry reinforcement and the composite in the third phase is due to the tensile
stress in the matrix fragments.
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Figure 5.1: Response of a unidirectional composite subjected to tensile load: (a) stress-
strain diagram of composites with deterministic and random matrix strength;
(b) matrix strength as deterministic and random variable corresponding to the
responses in (a).
The need to enhance models so that they can simulate the experimentally observed
smooth transition between the full composite stiffness and the saturated crack spac-
ing (see Fig 5.1a dashed line) led authors in [16] to include randomness in the matrix
strength. Ceramic composites with aligned fibers have been studied and analytical for-
mulas provided for the composite stress-strain diagram assuming elastic material prop-
erties and a more sophisticated bond law. Using the stress criterion for debonding, a set
of closed form solutions describing the composite behavior with deterministic matrix
strength is given for three different ratios of matrix and debonding strength. Moreover, a
numerical study was performed for random matrix strength following the two parameter
Weibull distribution furnishing stress-strain diagrams and crack spacing distributions.
In [3], the authors achieved a smooth transition within the multiple cracking phase by
considering a finite fracture energy needed for the matrix cracks to propagate and and
elasto-plastic fiber-matrix interface to debond. They also included the effect of random
fiber orientation by correspondingly reducing the number of bridging fibers compared
to the aligned mode. In [13], the multiple cracking and debonding problem was studied
completely from the energetic point of view taking into account the elastic stretching of
matrix and fibers, matrix cracks propagation and fiber debonding. All these approaches
result in a more realistic behavior within the multiple cracking constituent, which then
yields an increasing composite stress.
5.1.2 Probabilistic models of the fragmentation process
The fragmentation of brittle matrix in a composite subjected to tensile loading is a
stochastic process. Matrix cracks occur at positions of initial material flaws that cause
stress concentrations and consequently crack initiations given that the stress intensity
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factor exceeds its critical value for crack propagation [8]. Given that the severeness of
the initial flaws along a tensile specimen is a random process (commonly modeled by
the compound Poisson process [61]) and the matrix stress state in the vicinity of the
flaws depends on the actual matrix fragmentation state (see Sec. 4.4), the stochastic pro-
cess describing the sequential formation of cracks is rather complex. This section shall
thus provide a review of the approaches to simulate the stochastic matrix fragmentation
process of unidirectional composites. Note that the literature cited here includes both
random matrix cracking (brittle matrix composites) and random fiber cracking (polymer
matrix composites) which are mechanically equivalent. Since this thesis focuses pri-
marily on brittle matrix composites (and textile reinforced concrete in particular), the
cracking constituent is in all cases referred to as ’matrix’ for simplicity.
Deterministic matrix strength
The above mentioned ACK model assumes a constant bond stress vs. slip relationship
and deterministic matrix strength. To be more precise, the mathematical construct of the
matrix tensile strength along the composite longitudinal axis is given by infinitesimal
fluctuations about a constant function. With this definition of strength, matrix cracks
can form at a constant stress (horizontal branch in Fig. 5.1a and Fig 5.5) yet still in a
subsequent order.
An unknown in the ACK model is the composite strain at saturated crack state, i.e. the
x-coordinate of the end of the horizontal branch and the start of the strain hardening
branch. It is known that the composite strain is the average fiber strain along the longi-
tudinal axis, which, in the ACK model, is a linear function of the crack spacing. It is
stated in [2] that the crack spacing in the saturated state is between a and 2a, where a is
the debonded length corresponding to the stress that causes matrix cracking. For some
time, it was intuitively assumed that the average crack spacing was simply in the middle
of these bounds: 1.5a. In the publication [4], the matrix fragmentation was treated from
the statistical point of view as a stochastic process and the mean crack spacing was re-
fined to the value ≈ 1.36a. In a short paper [72], Kimber and Keer have finally shown
based on the ’car parking problem’ [105, 132] that the theoretical average crack spacing
(with precision on 4 digits) is 1.337a. This result has been repeatedly approved since.
Random matrix strength
Both the process of matrix fragmentation and the stress state in the saturated state change
significantly when the matrix is considered to have a random strength. Fig. 5.1a shows
the corresponding behavior of a composite (dash-and-dot line) with smooth transition
between the initially compact composite and its saturated state.
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According to [15], three approaches to modeling of the stochastic cracking can be dis-
tinguished:
• Random strength approach – a Monte Carlo simulation of random strength as-
signed to discretized matrix units [28, 67]. These models are relatively easy to
implement, they are flexible in material and interface laws and can be used to
approve conjectures of analytical models. However, they are computationally de-
manding when responses of low probabilities are sought. By assigning strength
realizations to matrix units (creating a random field) only a single realization of
the studied composite is obtained. For a reliability analysis either the size of the
simulated composite or the overall number of individual simulations have to be
large enough in order to obtain representative results also in the tails of the re-
sponse distribution. The model proposed by the author of this thesis belongs to
this category.
• Random crack approach – denotes models that aim to relate the applied load
together with the matrix strength distribution to the average crack spacing directly
[27, 57, 77, 91]. If defined, this mapping would allow to compute the strain of
the composite. However, as the authors in [15] remark, these attempts have only
provided approximative results so far. Analytical models proposed by Konrad [73]
and Cuypers et al. [35] for the simulation of textile reinforced concrete belong to
this category.
• Continuous approach – provides mathematically exact forms for matrix frag-
ment length distribution in an infinite composite given the applied load. Curtin
[25] formulated what was believed to be the exact distribution of fragment lengths.
Later, Ahn et al. [1] added a study on hysteretic behavior and the aspect of fiber
breakage was considered in [34]. Hui et al. [61] have shown that Curtin’s the-
ory performed poorly for lower Weibull moduli of the matrix strength distribution
(high scatter in matrix strength) and derived a robust, exact distribution for the
fragment lengths including the option of initially present cracks. Their model is
easy to implement and converges to the distribution derived in [132] as the Weibull
modulus grows large. It was also used for parameter extractions in [63, 64]. A
drawback of this model class is that a closed form solution is only given for the
simplest case of a homogeneous constant bond. This restriction was partially re-
laxed in [62, 111] where limited generalizations on the bond stress vs. slip law
were introduced. However, for the studied composite class with bond hardening,
the continuous approach is not applicable.
5.1.3 Probabilistic models of composite strength
It has been widely accepted that the strength of fibrous composites is a random variable
and therefore subject to statistical size-effect [30,33,100]. Because of the bond between
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Figure 5.2: Diagram of the CHOB model for equal load sharing and localized load
sharing.
fibers and matrix in composite materials, broken fibers build up their far field stress
with growing distance from the failure position and are able to fully contribute to load
transmission beyond a distance that is called stress transfer length [19, 51, 114], defined
as
ls =
εf02τ
rEf
=
εf0T
Ef
. (5.2)
This effect makes the fiber stress at a certain position z dependent only on the fiber
damage state within z± ls. The straightforward and commonly applied mechanical sim-
plification based on this idea is to divide a long composite into mechanically independent
segments each having the length of 2ls. Fiber breaks outside this range do not affect the
studied composite cross-section at z. Having similarities with a chain of independent
links, these models are called ’chain-of-bundles’ (CHOB) models [107], see Fig. 5.2.
An important feature of such a CHOB model is that the weakest bundle governs the ulti-
mate composite failure. It follows directly that with a growing number of bundles in the
chain, the ultimate strength of the composite structure decreases because the probability
of the presence of weaker bundles increases.
Much research has been conducted on the exact strength distribution of a CHOB struc-
ture that simulates long yarns or fibrous composites. A purely mathematical analysis
of the problem can be found in [46–48, 51] providing approximative distributions and
bounds on distributions. In [114], Smith and Phoenix attempted to establish connections
between material properties and parameters of the asymptotic strength distribution of
long composites assuming equal load sharing (ELS) by fibers within a cross-section.
An important extension of the probabilistic models was the inclusion of the pullout of
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broken fibers, which has been both theoretically and experimentally proved to contribute
to the ultimate composite strength and toughness [14, 122, 123]. In their thorough anal-
ysis of composite strength considering various load sharing systems, Phoenix and Raj
call the contribution of fiber pullout to the stress transfer ’frictional load sharing’ [102].
The total stress transmitted by fibers in models taking into account the fiber pullout can
be divided into two parts: stress transmitted by intact fibers, which is proportional to
their elastic stretching (by the factor of the modulus of elasticity) and stress transmitted
by broken fibers, which is proportional to the mean pullout length (by the factor of the
frictional bond per fiber length).
The CHOB idea is implicitly included also in models that are based on the fragmen-
tation of a single filament composite (SFC). This construct of a single brittle filament
stretched in a plastic matrix allows for a thorough analysis of the filament fragmentation
process and the corresponding statistics. The analytical solution to this problem was
first described in [25] and later corrected in [61] to cover also extreme values of the fiber
Weibull moduli. Models of composite strength distribution which use the analytical re-
sults of the filament fragmentation idealize the composite as a set of parallel independent
SFCs [25, 61, 111] with the CHOB features. An alternative analysis based on the sin-
gle fiber fragmentation problem was published in [101], where the mean strength and
covariance (adjusted according to [37, 112] for finite-sized bundles) of the local com-
posite cross-section was evaluated. It was shown that the local strength was normally
distributed so that the ultimate composite strength turned out to equal the minimum
extreme of a Gaussian random process along the composite longitudinal axis.
For a large number of composite materials, the ELS assumption is not accurate because
broken fibers redistribute their stress rather locally to close neighbors according to a
scheme denoted as localized load sharing (LLS). Whether the load sharing mechanism
in a composite follows ELS or LLS was discussed in [28, 102]. It has been shown that
the radius of the load redistribution depends on various material parameters, especially
on the bond strength, matrix stiffness and the Weibull modulus of the fiber strength
distribution (see also Chapter 2, Sec. 2.5). However, it can be generally stated that
ceramic (and cementitious) matrix composites tend to behave according to the ELS while
polymer and metal matrix composites tend to the LLS behavior.
Smith et al. [115] state that if LLS is considered in a 3D composite structure, the strength
decreases significantly and the size effect is more pronounced. Fibers then become
independent also in the transversal direction beyond a certain distance governing the
redistribution radius and thus the theoretical number of independent sub-bundles in the
CHOB system is increased (see Fig. 5.2). Since then, many micromechanical models
for localized stress distribution within a composite cross-section have been established
based mostly on FEM, shear-lag model or the Green’s function [33, 66, 94, 134, 137].
Their common idea is to evaluate the influence of stress redistribution from broken fibers
to adjacent intact fibers and to define the size of a critical sub-bundle whose failure leads
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to the ultimate failure of the composite. Using the statistical CHOB scaling then allows
for the extrapolation of strength to large systems.
5.2 Model formulation
The multiple cracking model presented here belongs to the category ’random crack ap-
proach’ according to [15] (see Sec. 5.1.2). This means that the local matrix strength is
simulated as a random variable (see Sec. 5.2.2) and cracks are formed at positions where
the matrix stress exceeds the local matrix strength. Within the close surrounding of a
newly appeared crack, the matrix stress is lower compared to its pre-cracked state. In or-
der to simulate this stress change, the crack bridge model introduced in Chapter 4 is used
for the evaluation of the post-cracked matrix stress (see Sec. 4.4). In this way, the stress
state of a multiply cracked composite is simulated as a set of sequentially emerging,
serially coupled crack bridges with corresponding boundary conditions on debonding
determined by the position of neighboring cracks.
Assumptions on the simulation of the multiple cracking process are introduced in
Sec. 5.2.1 and the definition of the random matrix strength as an autocorrelated ran-
dom field is described in Sec. 5.2.2. The condition for a matrix crack to occur is defined
in Sec. 5.2.3 and the actual evaluation of the average composite strain εc as response to
an applied load σ is formulated in Sec. 5.2.4.
5.2.1 Assumptions and notation
Assumptions and notation are largely taken over from the single crack bridge model in-
troduced in Chapter 4. Additional assumptions specific to the multiple cracking model
are outlined below: The matrix is assumed to fail in a brittle manner when its tensile
stress σm(z) = Emεm(z) reaches the strength value σmu(z) at some point z on the longi-
tudinal axis. Being a function of the longitudinal position, the matrix breaking strain can
be assumed as locally variable and random. After the matrix has failed, it is assumed
not to transmit any residual force.
Between two adjacent cracks in a multiply cracked composite, the stress fields in both
matrix and reinforcement are assumed to be symmetrical. Crack bridges can thus be
considered independently and the influence of a neighboring crack reduces to a single
parameter: its distances to the crack bridge of interest. A half of this distance (the
stress symmetry point) is then taken as the boundary condition L↓ or L↑ (see Chapter 4),
where the fibers are clamped to the matrix (zero slip condition). A diagram of the model
components and their dependencies is depicted in Fig. 3.2.
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5.2.2 Matrix tensile strength
For the stochastic cracking to be simulated, it is convenient to define the random matrix
strength σmu(z) along the composite longitudinal axis z as a random field. Assuming
that the strength of a particular cross-section is determined by the weakest flaw in the
structure of the matrix material, a reasonable assumption for the local strength distribu-
tion is the Weibull form, which describes extreme events – here the extreme minimum
flaw strength. In its general three parameter form, it is defined as
W (σmu) = 1− exp
[
−
〈
σmu−σ?
σm0
〉ψ]
(5.3)
with the lower threshold σ? defined in [86] as being related to the energy needed for a
macroscopic matrix crack to propagate through the whole cross-section and ψ and σm0
being the shape and scale parameter of the distribution, respectively.
With the assumed strength correlation of adjacent matrix cross-sections within a distance
of `ρ , a stationary homogeneous autocorrelated 1D random field can be formulated as
a representation of the random matrix strength with `ρ being the autocorrelation length.
The random field is formulated following the publication by Vorˇechovský [128] as hav-
ing the parameters of the marginal distribution given by Eq. (5.3) and the autocorrelation
function in the squared exponential form
RW (∆z, `ρ) = exp
[
−
( |∆z|
`ρ
)2]
(5.4)
with ∆z denoting the longitudinal distance between arbitrary two points of the random
field. This particular autocorrelation function is referred to as the Gaussian bell shaped
function (see Fig. 5.3a).
The representation of a spatially correlated function with local Weibull distribution by
a random field HW (z,θ) can be performed by a number of approaches. Here, the Nataf
scheme is used as described in [128].
Initially, let ζ (θ) be an uncorrelated, Gaussian distributed standardized random variable
N (0,1) with the randomness denoted as θ . The transformation of ζ (θ) into a stan-
dardized Gaussian random field HG(z,θ) spatially correlated by the function R(∆z, `ρ)
is performed by the orthogonal transformation also known as Karhunen-Loève expan-
sion, which is defined as the infinite series
HG(z,θ) =
∞
∑
i=1
√
λiζi(θ)Φi(z), i = 1,2, . . . ,∞. (5.5)
The terms Φi and λi here denote the eigenfunctions and eigenvalues of the covariance
function RG(∆z, `ρ).
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According to [44,45], the Weibull random field HW (z,θ) (a representation of the matrix
strength) with autocorrelation function RW (∆z, `ρ) can be obtained by transforming the
Gaussian random field with the autocorrelation function RG(∆z, `ρ) in the following
way
σmu(z)≈ HW (z,θ) =W −1 (N (HG(z,θ))) . (5.6)
The autocorrelation function RG(∆z, `ρ) of the underlying Gaussian random field
HG(z,θ) is defined implicitly by the definition of the memoryless (isoprobabilistic)
transformation
RW,i j =
∞∫
−∞
∞∫
−∞
(
HW,i−µi
γi
)(
HW, j−µ j
γ j
)
ϕ(HG,i,HG, j,RG,i j)dHG,idHG,i (5.7)
with RW,i j = RW (|zi − z j|, `ρ) and RG,i j = RG(|zi − z j|, `ρ) denoting the Weibull and
Gaussian correlation coefficients, respectively, for the points zi and z j. The values of
the Weibull variables HW,i, HW, j (with mean values µi, µ j and standard deviations γi, γ j)
are expressed in terms of the standard Gaussian variables in the spirit of Eq. (5.6). The
function ϕ(HG,i,HG, j,RG,i j) is the standard bivariate Gaussian density.
For purposes of numerical simulation, the random field is discretized by N points, so that
the covariance function becomes a symmetric (N×N) matrix, which shall be denoted
as Rˆ. The discretized Gaussian random field HˆG(z,θ) is then approximated by the sum
of N terms
HˆG(z,θ) =
N
∑
i=1
√
λˆiζi(θ)Φˆi(z), i = 1,2, . . . ,N (5.8)
where Φˆi and λˆi are the eigenvectors and eigenvalues of the covariance matrix RˆG. En-
tries of the RˆG matrix are defined as
RˆG,i j = RˆG, ji = RG(|zi− z j|, `ρ). (5.9)
With the transformation defined by Eq. (5.6), the matrix strength can for individual
simulations be represented as the jth realization of the discretized Weibullian random
field
HˆW (z,θ j) =W −1
(
N
(
HˆG (z,θ j)
))
. (5.10)
For various autocorrelation lengths, realizations of random fields σmu are depicted in
Fig. 5.3b with the corresponding autocorrelation functions depicted in Fig. 5.3a. A
longer autocorrelation length makes values along the z axis more correlated so that a
realization of the random field looks more ’flat’. An infinitely long `ρ would result in
a representation of the random field in the form of a constant function having the value
of random sample from the underlying Weibull distribution. On the other hand, if the
autocorrelation length was infinitesimally short, individual values in the field would be
completely statistically independent. All possible values from the domain of the distri-
bution function would be represented within any finite length of the random field.
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Figure 5.3: (a) Autocorrelation function for `ρ = 3.0 and 10.0 mm; (b) corresponding
realizations of a matrix strength random field σmu ∼ W (ψ = 12.0, σm0 =
5.0MPa, σ? = 0.0), Em = 30GPa.
5.2.3 Matrix cracking condition
For a given composite with heterogeneous reinforcement (possibly with multiple
cracks), the actual matrix strain profile is a function of the applied load σ and the po-
sitions of matrix cracks. However, the matrix strain profile of a single crack bridge
(Eq. 4.19) was derived in Chapter 4 as a function of the crack opening w (and the fiber
strain derivative ε ′f), i.e. εm(w,ε
′
f).
In a multiply cracked composite, the crack widths of individual crack bridges differ be-
cause they depend on the actual boundary conditions L↓ and L↑ (defined by the crack
spacing). One control variable that all crack bridges in the series have in common is the
applied far field composite stress σ . In order to express the matrix strain profile of all
crack bridges as a function of σ , the mean composite crack bridge function µσc(w) given
by Eq. (3.7) is inverted. This inversion has to be performed numerically in general. It re-
sults in the relationship w(µσc,L↓,L↑) providing the crack openings of all crack bridges
subjected to the load µσc and respecting their specific boundary conditions. Since the
mean composite stress µσc equals the applied far field load σ , the inverted mean com-
posite crack bridge function can be rewritten as
w = f (σ ,L↓,L↑) (5.11)
and substituted into the εm(w,ε ′f) function for w so that the matrix strain becomes a
function of the applied load: εm(σ ,L↓,L↑,ε ′f). It can be also used to evaluate statistics
of crack openings in a multiply cracked composite subjected to the load σ .
Depending on the boundary conditions, Eqns. (4.21) or (4.24) defining the function
a(w,ε ′f,X) are used to map the ε
′
f variable on the longitudinal axis z (because the debonded
lengths a have the same dimension as the longitudinal position z and ε ′f,X has the dimen-
sion of ε ′f) so that the expression for the matrix strain along z as a function of the applied
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Figure 5.4: Evolution of matrix cracking in a composite with random bond strength: (a)
first crack; (b) and (c) multiple cracking; (d) saturated state.
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load and the boundaries εm = f (σ ,z,L↓,L↑) is obtained. The matrix stress profile as a
function of the applied load is thus
σm = Emεm(σ ,z,L↓,L↑). (5.12)
The condition for a matrix crack to occur can now be defined as the first intersection
of the matrix stress σm with the matrix strength σmu (defined by Eq. (5.6)) when the
applied load σ in terms of composites stress is monotonically increased from zero:
σm(σ ,z,L↓,L↑) = σmu(z). (5.13)
If this condition is fulfilled, the two variables needed for the description of the stochastic
cracking – the load levels σcrack at which new cracks appear and their positions zcrack
– are revealed. They are found as the minimum far field composite stress σ and the
corresponding longitudinal position z satisfying Eq. (5.13) when σ is monotonically
increased from zero. The interpretation of this equality is that a matrix crack occurs at
the load level which causes the matrix stress to attain the value of the matrix strength.
When the condition Eq. (5.13) is satisfied, the matrix stress profile σm(σ ,z,L↓,L↑) is
updated to simulate the crack formed at the position zcrack and the boundary conditions
L↓ and L↑, being the half distances to neighboring cracks, are adapted. The applied load
can then be further increased until the Eq. (5.13) condition reveals the next matrix crack
(see Fig. 5.4).
5.2.4 Composite strain
The global composite strain εc as a function of the applied load σ is defined as the total
elongation uc divided by the total composite length Lc, i.e.
εc(σ) =
uc(σ)
Lc
. (5.14)
If the matrix stiffness is very high, its elongation is negligible and the total elongation
can be evaluated as the sum of all Nc crack widths given by Eq. 5.11 as described in the
previous section
εc(σ) =
1
Lc
Nc
∑
i=0
wi(σ). (5.15)
Most generally, however, the matrix strain does contribute to the total composite elon-
gation uc so that its average value has to be added to the composite strain as follows
εc(σ) =
1
Lc
Nc
∑
i=0
wi(σ)+
1
Lc
∫ Lc
0
εm(σ ,z)dz. (5.16)
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All variables in this equation have been derived in the foregoing sections so that the
composite response in terms of the stress-strain relationship can be evaluated and the
sensitivity of the composite behavior can be analyzed.
Note that the composite strain can be also evaluated as the average effective fiber strain ε¯f
along z, where the adjective ’effective’ means that the fiber stiffness is adapted according
to the actual damage state of the fibers
εc(σ) =
1
Lc
∫ Lc
0
ε¯f(z,σ)dz. (5.17)
5.3 Analysis and p-study
In order to reveal the sensitivity of the composite stress-strain behavior to the model
parameters, a p-study is performed in this section. In the following subsections, indi-
vidual parameters will be studied to point out their particular contributions to the global
response. Where appropriate, interactions between parameters will additionally be pre-
sented.
5.3.1 Effect of deterministic parameters
General tendencies of a composite stress-strain response are best presented with the use
of the ACK model [2, 3], where all parameters are deterministic. As was described
in Sec. 5.1.2, the deterministic matrix strength σmu must, in fact, exhibit infinitesimal
fluctuations so that matrix cracks can appear in an ordered manner. In this way, the
resulting matrix fragments in the saturated state will have a random length with the
corresponding distribution function given by [132] or (Eq. (34) in [61]). The mean
fragment length has been evaluated as
µ`CS = 1.337aσmu (5.18)
and consequently the crack density is 1/µ`CS (see Sec. 5.1.2). The average longitudinal
matrix stress is computed as
µσm = 0.33σmu (5.19)
with aσmu denoting the debonded length that corresponds to the matrix cracking stress
σmu as
aσmu =
σmu(1−Vf)
TVf
. (5.20)
Using these definitions and common rules of mixtures, the three linear branches of the
stress-strain response can be described as in Fig. 5.5. It is obvious that the initial com-
posite stiffness is Ec, the stiffness in saturated state is EfVf and during the multiple matrix
cracking, the composite response appears as ideally ductile with a horizontal branch at
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Figure 5.5: Stress-strain of a composite with deterministic properties (ACK model)
the composite stress that corresponds to the matrix strength. Interestingly, the stress-
strain diagram is completely independent of T , i.e. of the bond strength τ and fiber ra-
dius r. These variables only influence the crack widths and crack density (see Eq. 5.18)
but have no influence whatsoever on the average composite strain.
The length of the horizontal branch and the strain shift between composite and pure
reinforcement (solid and dashed line in Fig. 5.5) depend only on the matrix strength σmu
and the reinforcement stiffness EfVf. This shift in strains is due to the stress accumulated
in the cracked matrix and is often referred to as ’tension stiffening’ in the literature.
However, the author of this thesis believes that this term is misleading, because the
(tangent) stiffness is unaffected by the shift in strains and stresses.
5.3.2 Random matrix strength
Defining the matrix strength by a constant value results in a horizontal line in the stress-
strain diagram during the multiple matrix cracking, which contradicts experimental ob-
servations. Local matrix strength that fluctuates by following a random process reflects
the composite stress-strain behavior more realistically as matrix cracks develop over a
certain range of applied load (Fig. 5.6). The load at first crack is in this case distributed
as the minimum extreme of the random matrix strength.
In order to study the effect of local matrix strength variations, its mean value is kept
constant and the variability is increased. All other parameters are deterministic. For
infinitely small variability, the matrix strength approaches a deterministic value and
the model equals the deterministic ACK model described in the previous section.
With increased matrix strength variability, the composite stress-strain diagrams become
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Figure 5.6: Effect of matrix strength variability: (a) composite stress-strain diagrams;
(b) corresponding matrix strength as autocorrelated random fields.
smoother and the matrix cracking range of applied loads is not unambiguously deter-
mined. In the saturated state, the composite stiffness is independent of the matrix stress
state so that it is equal for all three variations of the studied parameter. However, the
shift in strains may vary somewhat as will be shown in the next section, even though in
this example, the variations are minor.
5.3.3 Correlation of the matrix strength
A possible source of matrix strength correlation with a rather small autocorrelation
length `ρ are the grains of the filler in a cementitious matrix. A nearly homogeneous
matrix with strength fluctuations caused predominantly by outer sources (e.g. casting
process, geometrical inaccuracies) can be expected to have a larger `ρ . In between these
extremes, the matrix strength could be affected by fine shrinkage cracks, which corre-
spond to a `ρ having the order of a few millimeters. The following numerical study shall
provide some insight into the effect of the autocorrelation length on the global composite
response.
For reasons of simplicity, filament and bond parameters are chosen as deterministic and
`ρ of the matrix strength is varied to represent the three cases mentioned. It is actually
the ratio of the debonded length of fibers (corresponding to the mean cracking stress) to
the autocorrelation length amu`ρ that is to be varied. If `ρ was increased by the same
factor as amu, the global composite response would not be affected.
It has been found by the author that the value of amu/`ρ ≈ 1 marks a transition in the
behavior of the composite in the saturated state.
In the range of amu/`ρ > 1, the autocorrelation length `ρ has a significant influence on
the phase of multiple cracking. The smaller the autocorrelation length is, the larger is the
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variability of the matrix strength and consequently the lower will be its global minimum
defining the stress at first crack. A very small `ρ (see Fig. 5.7b) causes the minima of the
random field to be very dense and uncorrelated. Thus most matrix cracks as well as the
saturated state occur at lower stresses and cracks occur at random positions. The shift
of the composite stress compared to the dry reinforcement (dot-dash in Fig. 5.7a) is not
significantly affected for small `ρ .
Is the `ρ comparable to the debonded length amu or larger, i.e. amu/`ρ ≤ 1, the crack-
ing stresses have a wider range and the saturated state is reached at higher stress (see
Fig. 5.7c and Fig. 5.7d). For very large `ρ values, the positions of new emerging cracks
are highly correlated to existing cracks. This means that new cracks occur at the clos-
est possible distances to existing cracks so that the crack spacing is very probable to be
equal to the actual debonded length a defining the shielded length. This phenomenon
results in a lower average stress in the matrix (compare Fig. 5.7b and Fig. 5.7d), which
is proportional to the crack spacing, and consequently the composite stress in saturated
state is lower compared the cases described above (see Fig. 5.7a).
Considering moderate values of autocorrelation lengths `ρ , it can be concluded that their
effect on the global composite behavior is minor given the assumptions applied in this
study. With randomized bond strength, interaction effects might occur, but since it is
difficult to practically determine `ρ , studies of this kind would be of a purely academic
relevance.
5.3.4 Random bond strength
As stated in Sec. 5.3.1, the deterministic ACK model shows no effect of the bond at the
fiber-matrix interface on the resulting composite stress-strain response. A random bond
strength, however, affects the composite behavior, as was evaluated in the parametric
study (see Fig. 5.8). It is caused by the hardening of the effective bond within the
range z = (amin,amin) (see Sec. 4.4) that matrix cracks still appear at higher composite
stresses.
Even if the matrix strength was considered deterministic (see Fig. 5.8a and 5.8c), matrix
cracks appear also at higher applied loads than those, which would cause matrix crack-
ing in a compact composite. This effect is more pronounced as the scatter in the bond
strength grows (see Fig. 5.8a). Composite stress-strain responses corresponding to de-
terministic and random bond strengths start to deviate as soon as the debonded lengths
of fibers start to overlap. New cracks are then determined by the form of the shielded
and partly shielded zones and the growth rate of the matrix stress with applied load.
If the matrix strength in a composite is modeled as a random field (Fig. 5.8d), cracks
in a composite with random τ appear at higher load stages than in the composite with
deterministic τ Fig. 5.8b) approving the tendency of the composite with determinis-
tic matrix strength described above (see Fig. 5.8a). However, the deviations between
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Figure 5.7: Effect of autocorrelation length of the matrix strength: (a) Stress – strain di-
agram; (b)-(d) matrix strength σmu and matrix stress σm along z for variable
`ρ . Parameters of the Weibullian local matrix strength distribution: shape =
8, scale = 3.2.
the stress-strain response for deterministic and random bond do not seem to be as pro-
nounced Fig. 5.8b). This is because the matrix cracks are predominantly determined by
the strong fluctuations in the matrix strength (Fig. 5.8d) rather than by the form of the
shielded zones and the growth rate of the matrix stress within these zones with applied
load.
It is well known that the bond intensity has, first of all, an influence on the crack width
and the crack density. Using Eq. (5.11), this information can be exploited for the calibra-
tion of bond parameters when experimental crack width measurements are available (see
Chapter 6). An example of crack widths histograms evaluated by the model at various
load levels are shown in Fig. 5.9a. Applying statistical processing on the histograms,
statistical moments, extreme statistics and other useful information can be evaluated.
Fig. 5.9b depicts the mean crack opening and maximum crack width as functions of the
applied load σ .
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Figure 5.8: Effect of bond variability: Composite stress-strain diagrams for three lev-
els of bond scatter and (a) deterministic matrix strength, (b) random matrix
strength; matrix strength σmu and matrix stress σm along z after eight cracks
corresponding to the stress-strain diagrams above. Parameters of the Weibul-
lian local matrix strength distribution in (d): shape = 8, scale = 3.2.
5.3.5 Remarks
It is to be remarked that the matrix strength is represented by a single realization of a
random field. Consequently, the results are single realizations of a function of random
variables. However, the realizations can be considered as fairly close to the expected
values as the length of the modeled specimen Lc grows large compared to the auto-
correlation length and therefore the variability, according to the central limit theorem,
diminishes with the rate ≈ `ρ/Lc. This principle was considered during the evaluation
of the representative parametric studies by keeping `ρ  Lc.
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Figure 5.9: Distribution of crack widths at various load stages (a); mean crack width and
maximum crack width as functions of the applied load. Parameters equal
those in Fig. 5.8b with COVτ = 1.0.
5.4 Composite strength
The maximum value of the applied far field stress σ a composite specimen can sustain
without failing is called the composite strength σu. Having random properties, compos-
ites fail in a random manner and the random variable σu depends on the damage state of
the reinforcement. However, it was explained in Chapter 3, Sec. 3.2.1 that the variability
in strength of a crack bridge is negligible so that σu can be represented by the mean
value µ?σc,X given by Eq. (4.2). The strength of a multiply cracked composite is given
by its weakest cross-section. Since the matrix cracks are positions of damage localiza-
tion, the composite strength will be approximated as the minimum of the crack bridge
strengths
σu = min{iµ?σc,X}, i = 1,2, . . . ,nc (5.21)
with nc denoting the total number of cracks in the composite. Having the same ma-
terial properties, individual crack bridges differ in strength only due to differences in
boundary conditions. This is because the boundary conditions affect the stress state
of the reinforcement within a crack bridge and consequently also their damage state.
The reinforcement damage can be evaluated by the Gξ function given by Eq. (B.16),
which defines the probability of failure of individual fibers respecting their stress state
and boundary conditions (see Appendix B for derivation and further information). For
a large number of fibers, the probability of failure can be set equal to the percentage of
failed fibers and thus to the instantaneous damage state. Note that the crack distance
in Gξ is approximated by the mean crack spacing evaluated by the stochastic cracking
model.
In Chapters 3 and 4, the crack bridge strength was studied as a function of material
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properties and their scatter. In the following section, the dependency of the strength of a
series of crack bridges on the crack spacing is analyzed.
5.4.1 Relationship between strength and crack spacing
It has been shown in Chapter 4, Sec. 4.2.3 that crack spacing affects the stress state in
the reinforcement in the vicinity of a matrix crack. In Appendix B, it has been further
explained that the crack spacing affects the failure probability of fibers, i.e. the cumula-
tive fiber failure probability Gξ = f (`CS). A numerical study on the composite strength
Eq. (5.21) shall now reveal the interaction of these two factors.
Knowing that the crack spacing `CS is predominantly determined by the total area of
the fiber-matrix interface and the bond acting on this interface, it can be controlled by
either of the variables fiber radius r, reinforcement ratio Vf or bond strength τ . As Vf
is the practically most easy-to-control parameter, composite strength is evaluated as a
function of Vf while r and τ are kept constant.
Homogeneous reinforcement
For a homogeneous reinforcement of volume fractions Vf = 0.5, 1.0, 1.5 and 2.0%, the
composite stress-strain response was evaluated up to the point of ultimate failure (see
Fig. 5.10a). Of course, a higher fiber volume fraction increases the composite strength,
but if the strength is normalized by the corresponding reinforcement ratio as σfu = σu/Vf
(Fig. 5.10b), the effectiveness of the reinforcement turns out to decrease with growing Vf.
This is due to the more severe fiber stress state in composites with smaller crack spacing
(compare Fig. 5.10c and Fig. 5.10d), i.e. the stress peaks are more dense and thus the
probability of failure is higher at a given load σ . Note that the fiber stress in Fig. 5.10c
and Fig. 5.10d is the effective value, i.e. the fiber stiffness is adapted according to the
current damage state.
It may seem as a contradiction to the statement above that the ultimate composite strain
increases with growing Vf (see Fig. 5.10a). This can be explained by the average effective
fiber strain, which defines the composite strain by Eq. (5.17). At a given load, the
effective fiber strain (or stress) is higher when the crack spacing is smaller (compare
the dashed lines in Fig. 5.10c and Fig. 5.10d). If cracks are more densely distributed,
the difference between the apparent maximum fiber stress and the average effective fiber
stress is reduced (see the distance between the dashed and dotted lines in Fig. 5.10c and
Fig. 5.10d). In the limit `CS→ 0, the two values would be identical.
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Figure 5.10: Composite strength as a function of crack spacing (controlled by Vf): (a)
stress-strain diagrams; (b) strength and crack spacing as functions of Vf;
(c) and (d) effective fiber stress with apparent fiber stress (dotted lines) and
average effective fiber stress (dashed line). The matrix strength was random
with the distribution W (shape = 8,scale = 3.2)
Heterogeneous reinforcement
In order to demonstrate the dependency of composite strength as a function of Vf when
the reinforcement is heterogeneous, τ is chosen to be Weibull distributed with shape
parameter mτ = 1. The variance of a two-parameter Weibull distribution with shape 1
equals the squared scale parameter sτ . With this rather large variance in τ combined
with a moderate variance of fiber strength (m = 15), a transition in the behavior of the
composite strength is revealed.
As Fig. 5.11b depicts, the composite strength increases when the fiber volume fraction
is increased from Vf = 1% to Vf = 2%. This behavior is opposite to the one observed
in connection with composites with homogeneous reinforcement (Fig. 5.10b). Due to
the increased crack density, a homogenization effect on the reinforcement heterogeneity
takes place. The mechanical background of this effect inherent to composites with het-
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Figure 5.11: Composite strength as a function of crack spacing (controlled by Vf) –
heterogeneous reinforcement: (a) stress-strain diagrams; (b) strength and
crack spacing as functions of Vf. The matrix strength was random with the
distribution W (shape = 8,scale = 3.2)
Figure 5.12: Comparison of single fiber crack bridge with free debonding (single crack
bridge) and boundary conditions (multiple cracking): (a) fiber strain pro-
files along z; (b) fiber crack bridge functions.
erogeneous reinforcement is in full detail explained in Sec. 5.4.2 in connection with the
simplified model. Therefore, further interpretation is now postponed and the performed
study only demonstrates that the model formulation implicitly includes this homoge-
nization effect of increased crack density.
5.4.2 Simplified model for composite strength
With the assumption of rigid matrix (low fiber volume fraction Vf) and an a priori known
(or approximately predicted [73]) periodic crack spacing `CS a simplified model of the
strength of a multiply cracked composite based on the crack bridge with independent
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fibers (Chapter 3) can be formulated. It should be recalled that debonded lengths a(w)
of fibers that can freely debond are given by Eq. (3.20) and the corresponding fiber strain
at matrix crack εCBf0,rτ(w) is given by Eq. (3.21) with the superscript
CB denoting a single
crack bridge in the sense that fibers freely debond.
Once the debonded lengths reach the value `CS/2 (see arrow in Fig. 5.12b), fibers can be
assumed as fixed to the matrix at the distance `CS/2 from the matrix crack due to symme-
try of stresses (see also Chapter 4, Sec. 4.2.3). For these fibers, further debonding is not
possible so that they only stretch elastically with the composite stiffness EfVf/`CS result-
ing in a linear response upon crack opening (see Fig. 5.12b). To include this constraint,
the fiber crack bridge function (compare with Eq. (3.21) for fibers with free debonding)
has to be modified to take on the linear form
εMCf0,rτ(w) =
w
`CS
+
T `CS
4Ef
, for(a> `CS/2). (5.22)
where the superscript MC denotes the multiple cracking state. Eq. (5.22) is easily derived
in the same way as Eq. (3.21).
For the mean pullout length of broken fibers in a multiply cracked composite, the ap-
proximation µ` ≈ aξ/2, which is derived and justified in [100], can be applied. It has
to be remarked though, that this assumption is not conservative for the whole range of
applied loads. It becomes more accurate as the composite approaches its ultimate state
where the matrix crack spacing can be assumed narrow and the fiber strains high.
To remain consistent with the structure of the fiber crack bridge function εCBf0,X(w,X) in a
single crack bridge as being the sum of εCB,intactf0,X (w,X) and ε
CB,broken
f0,X (w,X), the strain of
a single fiber in a multiply cracked composite at the matrix crack position is also divided
into the contribution of intact and broken fibers
εMCf0,X(w,X) = ε
MC,intact
f0,X (w,X)+ ε
MC,broken
f0,X (w,X). (5.23)
Now εMCf0,rτ from Eq. (5.22) is substituted for εf0,rτ in Eq. (3.22) and aξ/2 for ` in
Eq. (3.24) so that εMC,intactf0,X and ε
MC,broken
f0,X are obtained as
εMC,intactf0,X (w,X) = ε
MC
f0,rτ(w) ·H(ξ − εMCf0,rτ(w)) (5.24)
and
εMC,brokenf0,X (w,X) =
ξ
2
·H(εMCf0,rτ(w)−ξ ). (5.25)
The general resulting form of the fiber crack bridge function (Fig. 5.12b) taking into
consideration the possible boundaries as well as fiber rupture has the form
εf0,X(w,X) =
{
εCBf0,X(w,X) : a< `CS/2
εMCf0,X(w,X) : a> `CS/2
(5.26)
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Figure 5.13: Strain profiles of two representative fibers with different bond strength τ:
(a) single crack bridge (free debonding); (b) multiple cracking (boundary
conditions on debonding).
with a given by Eq. (3.20).
It has been explained in Chapter 3 that the mean composite crack bridge function can
be approximated by the expected value of the fiber crack bridge function. In the most
general form given by Eq. (3.56), it is defined as
µσc,ξ rτ(w) =
∫ ∞
0
∫ ∞
0
νf(r)µσc,ξ (w,r,τ)grτ(r,τ)dr dτ, (5.27)
where µσc,ξ (w,r,τ) is the mean composite function with random fiber breaking strain
ξ while the other parameters are defined as deterministic. The distribution of ξ is in
this simplified model for composite strength taken as Gξ derived in Appendix B. This
function takes into account the fiber stress state due to the boundary condition deter-
mined by the crack spacing. The composite strength predicted by this simplified model
is then given by Eq. (3.9) as the maximum of the mean composite crack bridge function
Eq. (5.27), i.e.
σu ≈ µ?σc,X = sup{µσc,X(w,X)}, w≥ 0. (5.28)
Discussion of the simplified model
Existing models predict a strength reduction of multiply cracked composites when com-
pared to a composite with a single crack [28, 100, 102]. This can be explained by the
higher average fiber strain within the length 2a as compared to the case of a single ma-
trix crack (Fig. 5.12a). This source of strength reduction is implemented in the fiber
breaking strain distribution (see Appendix B) and for composites with homogeneous
reinforcement, it is the only source of interaction of strength with crack density (see
Sec. 5.4.1 for details).
However, experimental investigations of textile reinforced concrete involving a single
crack bridge and multiple cracks show the opposite effect (see Chapter 6 and [108]). The
strengths of multiply cracked specimens were up to 1.5 times higher than the strengths
of specimens with a single matrix crack. Textile reinforced concrete is known for its
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pronounced heterogeneity of bond quality. Therefore, the strength increase for the mul-
tiple cracking state observed with textile reinforced concrete specimens has to be con-
nected with the reinforcement heterogeneity. In the following paragraphs, the effect of
boundary conditions (crack spacing) on the strength of composites with heterogeneous
reinforcement is explained mathematically and phenomenologically.
Using the presented model, a stress-homogenizing effect of the periodic boundary con-
ditions on fibers due to multiple cracking can be observed. The more uniform is the
stress in the reinforcement, the higher load it can transmit – this is a general principle
of materials mechanics. The variance of fiber strain in a crack bridge can thus be con-
sidered as a measure of the crack bridge’s performance in the sense that a high variance
denotes low strength. For the two respective cases – single and multiple cracking – the
variance operator, D[·], is applied on Eqs. (3.21) and (5.22) (assuming randomness in T
and omitting the effect of fiber rupture) as follows
D[εCBf0,rτ ] = D
[√
Tw
Ef
]
=
w
Ef
D
[√
T
]
(5.29)
and
D[εMCf0,rτ ] = D
[
w
`CS
+
T `CS
4Ef
]
=
`2CS
16E2f
D [T ] . (5.30)
Analyzing these formulas, it is apparent that the variability of strains in the single crack
bridge case grows linearly with w while the variability of fibers bridging cracks in a mul-
tiply cracked composite is independent of w and decreases quadratically with decreasing
crack spacing `CS. When `CS → 0, the variance completely vanishes and the strain in
all fibers is uniform. Therefore, the growing crack density can be said to cause strain
homogenization in the fibers despite the scatter in the bond intensity T and therefore
increases the overall composite strength.
The same is explained graphically in Fig. 5.13 depicting the ultimate state of an isolated
crack bridge and a multiply cracked composite. Note that since the area underneath the
fiber strain profile between the boundaries equals the crack opening and therefore has to
be a constant for all fibers within a crack bridge, the strain of individual fibers must be
adapted when the boundary conditions change. The closer the neighboring cracks are,
the more homogeneous the reinforcement strain becomes.
Comparing the strength of composite specimens with a single crack (in the sense of
a few isolated cracks corresponding to a low Vf) and multiple interacting cracks, an
unambiguous conclusion cannot be drawn. This is because the crack spacing influences
the composite strength in two opposite ways. It reduces the strength because the average
fiber strain along the specimen grows but at the same time, variability in fiber strains is
reduced which increases the composite strength. Generally, it depends on the ratio of
variability in T to the variability in ξ which of the two effects of the crack spacing will
take the upper hand. Will it be the homogenizing effect, the multiply cracked specimen
will have higher strength than a single crack bridge. If the more severe stress state
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Figure 5.14: Effect of boundary conditions on the mean composite strength.
effect is stronger, the multiply cracked specimen will be weaker. The interaction of
these effects is depicted in Fig. 5.14, which shows the ratio between the single and
multiple cracking strength (assuming 1 mm crack spacing). It is worth noting that for
homogeneous reinforcement, the multiple cracking strength approaches the single crack
bridge strength when the fiber breaking strength is a deterministic value (m→ ∞, bold
dashed curves in Fig. 5.14).
For the studied material, textile reinforced concrete, the scatter of bond strength is very
high and therefore the homogenization due to increasing crack density is likely do dom-
inate (see Chapter 6).
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5.5 Conclusions and discussion
It has been shown that the numerical stochastic cracking model formulated as a series
of crack bridges is able to simulate the response of a unidirectional composite with
heterogeneous reinforcement subjected to tensile loading. Since the single crack bridges
were formulated as controlled by crack opening, the formulation had to be inverted for
the stochastic cracking model. This is because the openings differ for individual crack
bridges in the multiply cracked composite while the applied far field load is a variable
common to all crack bridges. The stochastic cracking model thus evaluates not only
the stress-strain behavior and the ultimate failure but also the crack widths. In order to
simulate the subsequently emerging matrix cracks, the matrix strength was modeled as
an autocorrelated random field and a condition for matrix fracture was stated.
A simplified model described at the end of this chapter explains from the mathematical
and phenomenological point of view an interesting connection between the crack spac-
ing and the strength of composites with heterogeneous reinforcement. Increased crack
density is shown to have a homogenizing effect on the heterogeneous reinforcement and
thus the model predicts an increase in strength. In a parametric study, the numerical
model has proved to appropriately simulate this tendency. This effect is a major result
of this thesis. It was observed in experiments which are described in the next chapter
together with a calibration and validation procedure. Since existing models of unidirec-
tional composites predict a strength decrease with growing crack density, they are not
able to model the effects of heterogeneous reinforcement appropriately.
102
6 Validation of the modeling framework
In order to validate the model, which has been built up throughout the foregoing chap-
ters, a calibration-validation procedure involving tensile tests on textile reinforced con-
crete (TRC) specimens is now introduced. The calibration of bond parameters is based
on tests with notched TRC tensile specimens (double sided pullout tests) and involves
the single crack bridge model described in Chapter 3. Identified bond parameters are
then used in the multiple cracking model (Chapter 5) and a prediction on the behavior
of a TRC with higher reinforcement ratio and multiple cracks is made. This prediction
is then validated by comparing it to tensile tests performed with TRC specimens with
various reinforcement ratios (Vf = 1.0% and 1.5%).
This chapter is organized as follows: Sec. 6.1 describes the test setup for calibration. The
actual calibration of bond parameters using the single crack bridge model is performed
in Sec. 6.2. Experiments with multiply cracked TRC tensile specimens are described in
Sec. 6.3 and the measured quantities are compared with the prediction of the multiple
cracking model in Sec. 6.4. In Sec. 6.5, the results of the validation are discussed and
conclusions are drawn.
Throughout this chapter, the (apparent) fiber stress is denoted as the mean value µσf =
µσc/Vf when referring to model outputs and as σf = σ/Vf when referring to experimental
measurements.
6.1 Test setup for calibration
The material used for the experiments, TRC, is a composite material with significant
bond strength variations. It consists of a fine-grained cementitious matrix which is lam-
inated or sprayed onto carbon textiles [109]. The water-based matrix does not pene-
trate the dense structure of the multi-filament yarns so that the bond strength is variable
among individual filaments within the yarn, see Fig. 3.6b.
To match the conditions and assumptions of the single crack bridge model introduced
in Chapter 3, five double sided pullout specimens of the size 40x100x1000 mm were
prepared. The specimens contained a single carbon fabric layer consisting of 11 yarns
(Toho Tenax Co., Ltd, 12k, 800 tex) in the longitudinal direction and the matrix was
notched in the middle in order to initiate the matrix crack, see Fig. 6.1. The notch was
realized by a thin steel plate coated with a mold release agent to avoid adhesion to the ce-
mentitious matrix. The ratio of the cross-sectional areas 3995 mm2 (matrix) and 5 mm2
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Figure 6.1: Notched TRC tensile specimens: (a) clamped specimen before tensile test;
(b) drawing of a specimen before and after tensile test; (c) detail of crack
bridge after tensile test; (d) cross-section through the notched crack bridge.
(carbon reinforcement) has been chosen to fulfill a high matrix-to-fibers stiffness ratio
Em(1−Vf) EfVf. Thus the matrix could be assumed rigid compared to the reinforce-
ment and the single crack bridge model with rigid matrix, which is computationally
efficient, could be used for the calibration. The length 1000 mm reflects the infinite
embedded length assumed in the model formulation.
The deep bilateral notch that penetrates almost the complete composite cross-section
(see Fig. 6.1d) causes the double sided pullout specimens to be shabby and fragile when
the formwork is stripped. It would not be possible to handle the specimens and clamp
them in the tensile test machine without damaging the reinforcing yarns prematurely. A
special formwork was therefore constructed which does not have to be removed before
the testing. The formwork allows longitudinal displacement of the two specimen halves
separated by the notch but stabilizes the specimen in the remaining degrees of freedom.
The formwork containing the cured specimen is clamped into the testing device and,
after that, a safety screw is loosen at each side to allow for the longitudinal displacement,
see Fig. 6.1b.
Test results of the tests with the notched specimens are exemplified in terms of σf vs.
w diagrams in Fig. 6.2. In total, five tests have been conducted with the measured
strengths σ?f ranging between 667 and 893 MPa with crack openings w
? between 0.47
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Table 6.1: Single crack bridge specimens results in terms of measured fiber strength
σ?f = σ
?
c /Vf and crack opening at peak stress w
?.
specimen # σ?f [MPa] w
? [mm]
1 756 1.47
2 893 1.41
3 667 0.47
4 827 3.05
5 851 0.93
avg. 799 1.46
std. 79.5 0.87
and 3.05 mm (see Tab. 6.1). Individual experiments exhibit high variability (Fig. 6.2f)
which is typical for TRC pullout tests [7, 69]; experiment number 3 could eventually
be considered an outlier. It was, however, taken into account in the calibration proce-
dure. The high initial stiffness corresponds to the contribution of filaments with strong
bond (sleeve filaments). When the response flattens and the crack bridge exhibits a long,
slowly descending post-peak branch, filaments with strong bond are damaged with very
high probability and the behavior is due to debonding of fibers with weak bond and the
pullout of broken fibers.
6.2 Calibration
If all variables are considered deterministic the developed model has 5 parameters:
Vf,Ef,r,ξ ,τ . Since the evaluated stresses are normalized by the fiber volume fraction,
the variable Vf is eliminated. The modulus of elasticity Ef and the filament radius r
are assumed to be deterministic with values taken from the producers’ specifications:
Ef = 200 GPa and r = 3.5 µm. The bond strength τ and fiber breaking strain ξ are
considered as random variables.
For ξ , the distribution function Gξ derived in Appendix B is applied with parameters
identified from dry filament tests performed at the Institute for Textile Technology at the
RWTH University in Aachen, Germany. The value of Weibull modulus for dry carbon
fibers was evaluated as m = 7.0 and the scale parameter sV0 = 4.2 ·10−3. As described
e.g. in [28] the in situ filament breaking strain can be degraded compared to the ex situ
state so that the scale parameter is a variable for calibration in general. To determine
the in situ filament strength separately, elaborate fracture mirror analyses and/or pullout
length measurements could provide some help [29]. However, in the present study, the
scale parameter is assumed by the value from dry filament tests.
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Figure 6.2: Calibration of bond parameters using the crack bridge model: (a)-(e) indi-
vidual experiments with calibrated model curves; (f) model with average
parameters from the calibration.
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The last parameter – assumed as random – is the bond strength τ . Observing the micro-
scopic structure of a whole yarn cross-section which is partly depicted in Fig. 3.6, one
can distinguish that the majority of filaments in the core of the yarn does not have a direct
contact to the matrix. These core filaments only transfer the applied load indirectly due
to a rather low friction to neighboring filaments. A much smaller fraction of filaments –
sleeve filaments – are fully covered by the matrix around the whole perimeter and will
thus have a much stronger bond. One possible mathematical function that describes this
distribution of the effective bond strength is the gamma distribution with shape k, scale
θ and location τ0 given by
Gτ(τ;k,θ ,τ0) =
γ
(
k,
τ− τ0
θ
)
Γ(k)
(6.1)
with γ(x) being the lower incomplete gamma function and Γ(x) the complete gamma
function of the argument x. The three parameters of the Gτ distribution are the sub-
ject of the calibration. If k< 1, the distribution concentrates the majority of the random
values at the lower bound (the location parameter) and its right tail represents the bond
strength of sleeve filaments by higher values and a large variability. Another possibility
to represent the bond distribution would be the 3-parameter Weibull distribution with
a low shape parameter, which was used by the author of this thesis in [108]. Certainly,
other forms of distributions having a similar shape might reflect the bond equally well.
Fig. 6.2a-e show the result of a calibration procedure, which minimized the weighted
(see the following paragraph) squared error between the experimental and simulated
curves. The figure compares experimentally measured curves with the output of the cal-
ibrated crack bridge model. The calibrated parameters of the bond strength distribution
are summarized in Tab. 6.2. Fig. 6.2f depicts all experiments in one plot together with a
curve obtained by evaluating the model for averages of the three calibrated parameters
(see last row in Tab. 6.2).
It has to be remarked that the model, although rendering the experimental curves with a
fair accuracy for small crack openings w, fails to depict the descending branch at large
ws and instead stays at a constant value. This inaccuracy is due to the assumption of
small crack openings in the model formulation, for which the pullout lengths of broken
fibers can be assumed constant and thus the model predicts a constant stress at larger ws.
In reality, broken fibers are pulled out as the crack opens so that their contribution to the
crack bridging stress decreases. This is obvious from the slowly descending branch of
the experimental curves which cannot be captured by the model. Therefore, the weights
of the squared errors used in the calibration procedure were set to diminish with growing
w so that the described lack of fit became insignificant.
However, the crack bridge model is designed for the purpose of the multiple cracking
model, which is load controlled, so that the crack bridge curves are only relevant up to
their peak values. Since the peak values correspond to rather small crack openings, the
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Table 6.2: Parameters of bond strength distribution Gτ (assumed as gamma distribution)
calibrated on double sided pullout experiments.
specimen # parameters of Gτ
location τ0 scale θ shape k
1 0.0055 0.8 0.18
2 0.0080 0.7 0.15
3 0.0010 0.6 0.23
4 0.0050 1.0 0.15
5 0.0090 0.7 0.20
avg. 0.0057 0.8 0.18
crack bridge model will be fairly accurate and the discrepancy described above will not
cause significant errors in the prediction of the behavior of a multiply cracked compos-
ite.
6.3 Test setup for validation
For the validation, tensile tests with cross-sectional area 100x20 mm and gauge length
350 mm were sprayed in layers separated by carbon fabrics of the same type as was
used for the notched double sided pullout specimens. Five specimens were reinforced
with 4 carbon layers and another five with 6 carbon layers resulting in the respective
fiber volume fractions 1.0 % and 1.5 %. During the test, a 150x100 mm surface of the
specimen within the gauge length was scanned with the optical 3D measuring system
ARAMIS so that the crack evolution, crack widths and crack density were kept track
of during the loading process. The measured outputs are summarized in Tab. 6.3 in
terms of composite tensile strength σ?c , fiber tensile strength σ?f = σ
?
c /Vf, maximum
composite strain ε?c , crack density 1/`?CS defined as the inverse value of the crack spacing
at specimen failure `?CS and, finally, the average crack opening µw? at the instant of the
specimen failure.
6.4 Model validation
The calibrated bond strength distribution Gτ shall now be used for prediction of the
behavior of tensile specimens. Both the multiple cracking model (Sec. 5.2) and the
simplified multiple cracking model ("simplified model" for brevity, details in Sec. 5.4.2)
shall be applied and their predictions compared to experiments. While the multiple
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Figure 6.3: TRC tensile specimens: (a) clamped specimen before tensile test; (b) scheme
of the clamped specimen; (c) detail of failure crack after tensile test; (d)
ARAMIS optical crack detection.
cracking model predicts the whole stress-strain response including the ultimate state
and statistical information on crack widths and crack density, the simplified model only
makes predictions regarding the ultimate state. On the other hand, the simplified model
is computationally much more efficient than the model with the full output.
The multiple cracking model requires additional information regarding the matrix: the
distribution of local matrix strength and the autocorrelation length. For the simplified
model, the average crack spacing in the ultimate state has to be provided as input.
6.4.1 Validation of the multiple cracking model
Before the model can be validated, parameters of the matrix strength, which have not
been considered so far, have to be identified. If the validation was based entirely on
experiments, a large number of matrix tensile tests would have to be performed and
statistically evaluated. However, this procedure was skipped and the matrix strength dis-
tribution was fitted directly on the TRC specimens with the lower fiber volume fraction
Vf = 1.0 %. The main reason for this approach was the known discrepancy between
the strength of a plain matrix (ex situ) and the matrix in composite (in situ). Obtain-
ing the matrix strength distribution from separate test would thus not have been more
accurate.
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Table 6.3: Results of tensile test (multiple cracking) on TRC with fiber volume fractions
1.0 and 1.5%, respectively.
specimen # Vf [%] σ?c [MPa] σ?f [MPa] ε
?
c [h] 1/`?CS [1/mm] µw? [µm]
1 1 12.50 1250 6.66 0.075 86
2 1 10.38 1038 5.19 0.067 88
3 1 11.34 1134 5.67 0.075 83
4 1 12.43 1243 6.32 0.067 92
5 1 13.40 1340 6.87 0.083 90
avg. 1 12.01 1201 6.14 0.073 88
std. 1 1.04 104.4 0.63 0.006 3
1 1.5 20.66 1377 6.02 0.125 48
2 1.5 21.29 1419 6.45 0.117 55
3 1.5 20.76 1384 5.83 0.142 41
4 1.5 20.63 1375 6.00 0.108 56
5 1.5 19.60 1307 6.33 0.125 51
avg. 1.5 20.59 1373 6.13 0.124 50
std. 1.5 0.59 36.4 0.23 0.011 5
The parameters of the matrix strength distribution identified from tensile tests with
Vf = 1.0 % were: scale σm0 = 3.4MPa, shape ψ = 50 and the autocorrelation length
was set to `ρ = 1.0. The fitting of matrix parameters revealed that the sensitivity to the
shape parameter is very low, once it exceeds a value of ψ ≈ 15 and the model yields a
reasonable fit for values above this threshold. Note that the reference values for plain
concrete are ≈ 12 [8] indicating a much higher variability. Concerning the autocorrela-
tion length, the sensitivity of the composite behavior at the meso scale is negligible (see
the corresponding p-study in Sec. 5.3.3 for further details). The modulus of elasticity
was measured in separate tests and the value used in the calculation was Em = 25GPa.
Adaption of the matrix strength distribution to higher Vf
It has been observed experimentally and studied theoretically that the fiber volume frac-
tion of a composite influences the matrix cracking stress [13,84,85]. Investigators in the
referenced works have related the (deterministic) cracking stress to fiber volume fraction
Vf in the following way
σm0 =
(
6τΓmV 2f EfE
2
c
r(1−Vf)E2m
)1/3
(6.2)
with Γm denoting the specific matrix fracture energy. This formula is the result of an
energy balance analysis involving matrix crack propagation and fiber debonding.
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Figure 6.4: Validation of the multiple cracking model in terms of stress-strain curves:
multiple cracking model with the calibrated parameters (a) through (e) and
with average parameters from the calibration (f).
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Figure 6.5: Validation of the multiple cracking model: (a) and (c) development of mean
crack widths; (b) and (d) development of mean crack spacing.
Since the validation of the model presented in this thesis involves specimens with var-
ious fiber volume fractions, the matrix strength distribution identified above has to be
adapted. It is assumed here, that Eq. (6.2) scales the scale parameter of the distribution
of matrix strength given by Eq. (5.3) in the same way as it scales the deterministic crack-
ing stress. With no loss of generality, Eq. (6.2) is denoted as function of a single variable
– the fiber volume fraction – as f (Vf). When the scale parameter σm0,1.0 = 3.4MPa cor-
responding to the matrix strength in composite with Vf = 1.0 % is known, the scale
parameter σm0,1.5 corresponding to the composite with Vf = 1.5 % can be expressed
as
σm0,1.5 = σm0,1.0 · f (Vf = 0.015)f (Vf = 0.01) = 4.54MPa. (6.3)
This scale parameter was then applied in the multiple cracking model for the evaluation
of the stress-strain curves of the higher reinforced specimens. All measured and compu-
tationally predicted stress-strain curves are depicted in Fig. 6.4, mean crack widths and
crack densities are depicted in Fig. 6.5. Numerically, results of the model predictions are
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Table 6.4: Results of simulations by the multiple cracking model. Numbers in parenthe-
ses denote the deviation to the average experimentally measured value.
simul. # Vf [%] σ?c [MPa] σ?f [MPa] ε
?
c [h] 1/`?CS [1/mm] µw? [µm]
1 1 12.20 (2%) 1220 5.66 (-8%) 0.148 (102%) 38 (-57%)
2 1 12.40 (3%) 1240 5.71 (-7%) 0.128 (75%) 44 (-50%)
3 1 12.60 (5%) 1260 5.97 (-3%) 0.091 (24%) 60 (-32%)
4 1 12.30 (2%) 1230 5.79 (-6%) 0.134 (84%) 43 (-51%)
5 1 12.20 (2%) 1220 5.80 (-6%) 0.119 (63%) 48 (-45%)
avg. 1 12.34 (3%) 1234 5.79 (-6%) 0.124 (70%) 47 (-45%)
1 1.5 18.80 (-9%) 1253 6.01 (-2%) 0.119 (14%) 50 (0%)
2 1.5 19.10 (-7%) 1273 5.98 (-4%) 0.166 (60%) 36 (-28%)
3 1.5 18.60 (-10%) 1240 6.05 (-1%) 0.182 (75%) 32 (-36%)
4 1.5 19.30 (-6%) 1287 6.21 (1%) 0.171 (64%) 36 (-28%)
5 1.5 18.70 (-9%) 1247 6.05 (-1%) 0.170 (63%) 35 (-30%)
avg. 1.5 18.90 (-8%) 1260 6.05 (-1%) 0.162 (56%) 38 (-24%)
summarized in Tab. 6.4 with the deviation from the average experimental values written
as percentage in parentheses.
6.4.2 Discussion of the model validity
Given that the calibration of bond parameters was performed on a double sided pullout
test, the stress-strain behavior of the TRC specimens predicted by the multiple cracking
model is very good. A good agreement can also be observed regarding the composite
strength and strain at failure. As was explained in Sec. 5.4.1, the model predicts a higher
failure strain for higher reinforced composites. On average, the increase is 4.5%. This
tendency could not be observed experimentally.
Concerning the crack densities, the differences between model predictions and exper-
iments are 70% on average for Vf = 1.0% and 56% on average for Vf = 1.5%. The
average crack width was predicted with a mean error of 45% for Vf = 1.0% and a mean
error of 24% for Vf = 1.5%. Note that it is extremely difficult to predict these quantities
based entirely on a double sided pullout experiment with no a priori information on the
crack density in the saturated state. A rather small scatter in the double sided pullout
experiments (compare with scatter of yarn pullout test in [7, 69]) renders errors in crack
density predictions that range between 14% and 102%.
113
Table 6.5: Alternative calibration of Gτ .
experiment model calibration target model input
double sided crack bridge crack bridge bond strength
pullout model function σˆf(wˆ) distribution Gτ(τ)
tensile test stochastic crack spacing in bond strength
cracking model saturated state ˆ`?CS distribution Gτ(τ)
In order to predict the crack density (and crack widths) more accurately, the author pro-
poses an alternative calibration of the bond strength distribution Gτ(τ). This calibration
uses the saturated crack spacing of a multiply cracked tensile test, ˆ`?CS, as additional
input (see Tab. 6.5 and Fig. 6.6). Predictions (extrapolations) can then be made on the
tensile response of composite specimens with a different (higher or lower) reinforcement
ratio.
The bond strength distribution is calibrated by minimizing the objective function
fobj =
wmax∫
0
W1(w) ·∆σf(w,Gτ)2 dw+W2 ·∆`?CS(Gτ)2, (6.4)
where ∆σf(w,Gτ)2 is the squared difference between the crack bridge function and the
double sided pullout experiment, ∆`?CS(Gτ)
2 the squared difference between the experi-
mentally measured and the predicted crack spacing, W1(w) is a weight function of the
crack opening w and W2 is a weight coefficient. In order to find the optimum bond
strength distribution Gτ by minimizing Eq. (6.4), the crack bridge function µσf,τ(w,Gτ)
and the crack spacing in the saturated state `?CS(Gτ) have to be evaluated manifold within
an optimization procedure.
The evaluation of the crack bridge function is fast but if the crack spacing was to be
evaluated by the stochastic cracking model, the calibration would be very expensive.
Therefore, the author proposes a simplified evaluation of the crack spacing based on the
matrix strain profile in the vicinity of a single crack bridge. For this purpose, the crack
bridge model can be applied with a considerably lower computational demand. Instead
of the crack spacing, the shape of the matrix strain along the longitudinal axis is to be
optimized in a way that the strain reaches the ultimate value at a prescribed distance
from an existing crack, see Fig. 6.6.
The computationally most efficient way of including both the crack bridge response and
the crack spacing into the calibration is described next. This formulation allows for
the identification of the bond strength distribution Gτ in a closed form. A necessary
assumption is that Gτ is taken from the two-parameter distributions family, i.e.
τ ∼ Gτ = f (k,θ). (6.5)
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Figure 6.6: Calibration target: (a) fibers stress σˆf and crack opening wˆ measured in a
double sided pullout experiment; (b) saturated mean crack spacing ˆ`?CS in a
tensile test.
These two parameters are then evaluated by solving two equations which include the
experimentally measured values.
Let us use the notation ˆ`?CS for the mean experimentally measured crack spacing in sat-
urated state. Using the ACK assumptions, the mean crack spacing can be expressed
as ˆ`?CS = 1.337δc, with δc denoting the stress transfer length, i.e. the distance between
the crack (zero matrix strain) and the nearest point, where the matrix strain reaches the
breaking strain σmu/Em (see Fig. 6.6b). Assuming that the slope of the matrix strain
does not significantly deviate from linearity within the stress transfer length, the crack
spacing ˆ`?CS can be expressed as
ˆ`?
CS =
1.337σmu
Emεˆ ′m
, (6.6)
where, εˆ ′m denotes the slope of the matrix strain corresponding to the measured crack
spacing and can be explicitly expressed as
εˆ ′m =
1.337σmu
Em ˆ`?CS
. (6.7)
Applying the assumption of nearly linear matrix strain profile in the model, the slope
of the matrix strain can be approximated by the strain derivative with respect to z at the
position very close to the matrix crack, i.e. by Eq. (4.17) evaluated at z = 0+
ε ′m(0
+,Gτ) =
µt,X(0+,Gτ)
µKcs,X(0+,Gτ)
. (6.8)
Here, µt,X(z,Gτ) and µKcs,X(z,Gτ) are defined by Eqns. (4.15) and (4.16), respectively.
Eq. (6.8) evaluated with the assumption of random τ and a very low probability of fiber
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Figure 6.7: Calibration of bond parameters in closed form using Eqns. (6.11) and (6.9):
(a) predicted tensile test response; (b) predicted crack widths; (c) predicted
crack densities.
failure at the load level that causes matrix cracking (infinite fiber strength assumption)
can be written explicitly as
ε ′m(0
+,Gτ) =
2E[τ]
Em(1−Vf)r . (6.9)
The calibration requirement is that the slope of the matrix strain in the crack bridge
model, ε ′m(0+,Gτ), is to have the value of the prescribed slope εˆ ′m. Eq. (6.7) set as equal
to Eq. (6.9) and solved for E[τ], yields the first equation to be used for the evaluation of
the bond strength distribution parameters
E[τ] =
1.337r(1−Vf)σmu
2 ˆ`?CS
. (6.10)
The second equation employs the double sided pullout experiment which is modeled by
Eq. (3.56). In the initial part (low probability of fiber breaks), the equation takes on the
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form
µσf,τ(w) = E
[√
τ
]√2wEf
r
(6.11)
in terms of fiber stress. Any point from the initial part of the experimental response with
coordinates wˆ and σˆf can be substituted for w and µσf,τ in Eq. (6.11), so that we obtain
the second equation for the unknown bond strength distribution as
E
[√
τ
]
= σˆf
√
r
2wˆEf
. (6.12)
Now, we are looking for a distribution of τ with mean value equal to Eq. (6.10) and
mean value of
√
τ equal to Eq. (6.12). Taking the two-parameters gamma distribution
Gτ(τ;k,θ) as an example, the equations to be solved would have the following forms:
kθ =
1.337r(1−Vf)σmu
2 ˆ`?CS
(6.13)
and
Γ(0.5+ k)
√
θ
Γ(k)
= σˆf
√
r
2wˆEf
, (6.14)
where the left-hand sides of Eqns. (6.13) and (6.14) are the expectations the random
variable τ and its square root, respectively.
An example of the calibration output using the double sided pullout specimen #5 is
depicted in Fig. 6.7. As expected, the crack density and crack widths are predicted much
more accurately than in the purely predictive calibration without the information on the
crack spacing (Sec. 6.2). Predictions of crack spacings are 4% smaller and 25% larger
for the respective tensile tests with 1.0% and 1.5% fiber volume fractions (compare
with 63% deviation using the calibration without the ˆ`?CS information). However, the
ultimate strengths are predicted to be 9% and 22% lower than the average measured
values, which is a less accurate prediction calibration without the a priori information
on crack spacing (2% and 9% errors, respectively). In order to diminish this inaccuracy,
the composite strength would have to be included in the calibration equations with an
appropriate weight as well.
Let us remark that the set of Eqns. (6.10) and (6.12) cannot be solved for all possible
combinations of experimentally measured values ˆ`?CS, wˆ and σˆf and for all two-parameter
distributions. Analyzing Eqns. (6.11) and (6.9), the matrix strain slope and thus the crack
spacing is found to be inversely proportional to the expectation of τ and the mean fiber
stress in the crack bridge response is proportional to the expectation of
√
τ . Therefore,
if the fiber stress of the double sided pullout experiment in early load stages was very
high, it implies a rather strong interface bond. In such a case, it is unlikely to find a
solution in the gamma distribution space that corresponds to a very wide crack spacing
and vice versa. For the experiments studied in this chapter, the author has identified
six distribution functions that provide solutions to Eqns. (6.10) and (6.12): bradford,
gompertz, χ2, χ , erlang and gamma distribution.
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Figure 6.8: Validation of the simplified model: (a) fiber strength µ?σf = µ
?
σc/Vf; (b) crack
opening at failure. Both variables are depicted as functions of the crack
density.
6.4.3 Validation of the simplified model
The mechanics behind the simplified model was thoroughly described in Sec. 5.4.2. An
a priori information on the final crack spacing is needed for the model to deliver the
desired output. The evaluated measures describing the ultimate state of a crack bridge in
a periodic arrangement within the multiply cracked specimen are the mean fiber strength
µ?σf and the corresponding crack opening w
?. These outputs are depicted in Fig. 6.8 as
functions of crack density together with the experimentally measured values. Parameters
of the model were assumed by the averages of the bond parameters identified from the
double sided pullout experiments, see Tab. 6.2.
Mean strengths predicted by the model are in good agreement with the mean strength
of the specimen with Vf = 1.5% (Fig. 6.8a). However, the strengths of specimens with
Vf = 1.0% are somewhat lower than predicted. The reason for the difference are probably
the equidistant crack positions assumed in the simplified model. Real specimens exhibit
differences in crack spacing and the crack bridge with the highest spacing will probably
cause the ultimate failure due to highest non-uniformity in fiber strains. It can be stated
that the simplified model simulates an average crack bridge but the composite strength
is rather related to extreme values, i.e. the weakest crack bridge. Therefore, predictive
capabilities of the model regarding strengths are likely to be inaccurate. On the other
hand, the mean crack width is, by definition, an average value so that the prediction of
the model is very good (Fig. 6.8b).
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6.5 Conclusions and discussion
The notched TRC specimens with a low reinforcement ratio and a single isolated crack
transmitted a maximum fiber tensile stress of 799 MPa on average. Compared to tensile
tests of higher reinforced specimens which form multiple cracks, a strength increase of
50 % (mean fiber stress 1201 MPa) for the specimens with Vf = 1.0 % and 72 % (mean
fiber stress 1373 MPa) for specimens with Vf = 1.5 % was observed. Strength variations
of this magnitude are considerable and have to be taken into account when designing
composites with heterogeneous reinforcement.
Without claiming that the present study provides a robust validation of the model, the
predicted trends have proved to be consistent with the behavior of the tested specimens.
Most importantly, the multiple cracking model is able to reflect the homogenizing ef-
fect of the periodic strain fields in a multiply cracked composite without any a priori
information on the saturated state.
Note that with the calibration of a deterministic bond strength τ , it would not be possible
to achieve an acceptable fit of the experimental data. Neither the gradual failure of
sleeve and core filaments determining the behavior of a single crack bridge, nor the
strength increase of multiply cracked specimens could be captured without the inherent
variability in τ .
Another type of interaction effect on the composite strength has been identified for crack
density and scatter in fiber strength ξ [28,100,102]. In particular, Phoenix and Raj [102]
predict strength decrease for the multiply cracked composites due to the higher average
fiber strain as compared to the case of a single crack bridge, see Fig. 5.13. This source
of strength reduction is certainly present also if the reinforcement it is heterogeneous
and is taken into account in the multiple cracking model. However, for the studied
material with high scatter of bond strength the effect of fiber strain homogenization due
to increasing crack density described above dominates so that the resulting tendency is
a strength increase as the crack density grows.
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Summary
The thesis describes a multi-scale modeling framework for the mechanical behavior of
unidirectional composites with heterogeneous reinforcement subjected to tensile load-
ing. The whole picture of the modeling approach at the author’s affiliation is shown
in Fig. 6.9. Starting at the micro scale with analytical representations of single fiber
responses, a probabilistic approach was applied for the homogenization of the heteroge-
neous material to arrive at the meso scale. These crack bridges coupled in series then
form the model of a multiply cracked composite which simulates the typical stress-strain
response with strain hardening and can be regarded as the transition between the meso
and macro scale. Analyses of structures at the macro scale have not been included in
this thesis.
Summary of the crack bridge model with rigid matrix
At the micro scale, the pullout of a single fiber bridging a matrix crack was analytically
formulated. For reasons of computational efficiency, the micromechanical fiber pullout
model was homogenized by evaluating its average response which represents the re-
sponse of a crack bridge with a large number of parallel fibers. This crack bridge model
can be considered an "RVE" for the model at higher scales. Assuming the matrix to be-
have as a rigid body, the fibers become independent so that the crack bridge response can
be evaluated as a parallel system of independent links which is a model with favorable
computational efficiency. This formulation of a crack bridge was thoroughly examined
in course of a p-study with respect to various parameters. As the elementary function at
the micro scale, both continuous and short fibers were studied.
Randomness in fiber strength, bond strength and fiber radius was studied in course of the
analysis of a crack bridge with continuous fibers. An increased variability in every stud-
ied parameter generally decreased the mean composite strength because of the increased
heterogeneity which lead to stress concentrations within the composite’s cross-section.
The analysis of random fiber strength reproduced the principles found in literature on
probabilistic modeling of composites. Scalings of the mean composite strength and the
crack opening at composite peak stress with bond strength and fiber radius have been
derived and discussed. An interesting conclusion was found regarding the interaction
of random fiber strength with bond strength and fiber radius. For certain values of fiber
strength scatter the crack opening at maximum composite stress was completely insen-
sitive to the remaining parameters or their variability.
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A thorough analysis was also performed on the position of fiber breaks within a crack
bridge. It has been shown that the average pullout length of a broken fiber equals its
debonded length at the instant of the fiber rupture divided by the factor m+ 1, where
m is the shape parameter of the fiber strength distribution. For AR-glass fibers, for
example, m≈ 5.0, so that the fibers will on average rupture in a distance from the matrix
crack that equals 1/6 of their debonded length at failure.
The analysis of a crack bridged by short fibers involved random fiber positions and
spatial orientation. These parameters brought about an additional uncertainty to the
crack bridge – the number of fibers bridging a matrix crack. It has been shown that the
Figure 6.9: Multiscale approach for modeling of textile reinforced concrete (TRC) at the
Institute of Structural Concrete, RWTH Aachen University.
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random number of bridging fibers can significantly influence the resulting variability of
a short fiber reinforced composite. Furthermore, the performance of composites with
perfectly aligned and randomly oriented fibers was compared. It has been analytically
derived that the composite with randomly oriented fibers performs better if the snubbing
coefficient (a measure of the stress increase due to fiber inclination) exceeds a certain
threshold value. Steel fibers in UHPC matrix and nylon fibers in normal strength mortar
have been shown to have a snubbing coefficient which exceeds this threshold. This
means that trying to align these short fibers perpendicularly to the cracks is not beneficial
because they perform better if they are randomly oriented.
Summary of the crack bridge model with elastic matrix
The need for information about the stress state of the matrix led to a further enhance-
ment of the crack bridge model by considering the matrix as an elastic continuum. This
enhancement is vital for the transition to the multiple cracking model, where matrix
cracks have to be simulated, but also increases the computational demand. The next
step towards a universal representative crack bridge or "RVE" was to introduce bound-
ary conditions on the crack bridges which represent interactions of neighboring cracks
in the multiple cracking model. Detailed calculations of matrix strain state and the cor-
responding ’shielded zones’ then allow for predictions on the cracking sequences in a
multiply cracked composite.
It has been shown that considering elastic deformations of the matrix, the crack widths
at composite failure tend to be smaller with growing fibers-to-composite stiffness ratio
k. This effect is advantageous for the durability of composites but should be taken into
account when evaluating the damage state of a structure based on crack width observa-
tions. A slight increase in composite strength is predicted for growing k. The reason for
the strength increase is the reduced variability of fiber strains due to the elastic matrix
when compared to the fiber strains in a composite with rigid matrix. The elastic matrix
homogenizes the non-uniform stress within the cross-section caused by the heteroge-
neous fiber properties.
The crack bridge model with elastic matrix has been verified by comparing its limit
cases to known analytical solutions. Experimental validation of the model accuracy is
unrealistic because composites tend to form multiple cracks if loaded in tension which
makes it difficult to study an isolated crack bridge.
Summary of the multiple cracking model
The crack bridge model is an elementary unit for the multiple cracking model of the
strain-hardening response of unidirectional fibrous composites, which is represented by
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the serial coupling of crack bridges with adapted boundary conditions based on the dis-
tance of neighboring cracks. The multiple cracking model involves a one dimensional
random field that represents the random matrix strength.
It has been shown that the numerical multiple cracking model is able to simulate the
whole stress-strain response of unidirectional composites including the multiple crack-
ing, strain hardening and ultimate state. Moreover, the model evaluates also the crack
widths and their statistical distribution, extreme values etc.
A simplified, computationally efficient model of multiply cracked composites formu-
lated within the thesis explains from the mathematical and phenomenological point of
view an interesting connection between the crack spacing and the strength of composites
with heterogeneous reinforcement. Increased crack density is shown to have a homoge-
nizing effect on the heterogeneous reinforcement and thus the model predicts an increase
in strength with increased crack spacing. In a parametric study, the numerical model has
proved to appropriately simulate this tendency. This effect is a major result of this the-
sis.
In the course of a calibration-prediction-validation loop, the statement made in the para-
graph above has been approved. Notched TRC specimens with a single crack and tensile
specimens with multiple cracks were tested and compared with predictions of the model.
The predicted trends have proved to be consistent with the behavior of the tested spec-
imens in terms of strength and the stress-strain response. Some discrepancies between
model predictions and measurements were found in crack density and crack widths.
However, considering that the model predicts the behavior of multiply cracked speci-
mens based on calibrations performed on a double sided pullout without any further a
priori information on the multiply cracked state, the predictive capabilities of the model
can be considered very good.
It is to be remarked that the model was derived completely without empirical factors by
using only differential equilibrium equations and established statistical theorems. Thus,
it is robust in predictions on statistical size effects and reflects also the homogenizing
effect of periodic stress state in multiply cracked composites and the simulated behavior
of composites can be explained by elementary physics and mathematics.
Suggestions for further research
Although the presented work shed light on a variety of aspects of the tensile behavior
of unidirectional composites with heterogeneous reinforcement, some issues have re-
mained unanswered or have not been answered completely. The following suggestions
summarize the open questions and should encourage further research in the field.
First of all, the discrepancies between the model and experiments in terms of crack
widths and crack spacing should be further investigated. Apparently, the shielded zones
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predicted by the model were too short which resulted in a denser crack spacing and
smaller crack widths. This might be connected with the distribution of the bond strength
Gτ whose ansatz is not able to fully describe the heterogeneous bond of multifilament
yarns in TRC. Also, the chosen distribution caused numerical problems when its shape
parameter was too low and therefore the density at the lower bound of the definition
space grew to infinity.
Another inaccuracy of the model prediction was regarding the ultimate strength. The
prediction on strength of the lower reinforced specimens was quantitatively very good.
However, the higher reinforced specimens achieved an additional strength increase of
20 % while the model predicted more or less the same fiber strength as for the lower re-
inforced specimens. Since the strength was shown to be dependent on the crack density,
it could be connected with the inaccurate prediction on the crack density as described
above. Also, due to assumptions in the fiber strength distribution (assumed infinite com-
posite with equidistant crack spacing), the actual fiber-in-composite strength might be
underestimated.
Generally, the experimental series was too small and only one material combination was
used. This is considered the greatest weakness of the validation procedure by the author.
Further experiments with more levels of the parameter reinforcement ratio Vf and with
different material combination would surely be desirable in order to better calibrate and
validate the model.
An important feature of the experiments that has not been considered in the model is
the effect of the clamps. It has been shown by several authors that the clamp type has a
significant influence on the strength and overall tensile behavior of TRC. In particular,
tested specimens usually fail in the very outer cracks close to the clamping because the
crack spacing periodicity is violated there and the homgenization effect does not apply
in full extent. This effect could be probably incorporated into the model by changing the
boundary conditions of the very outer cracks bridges in the sense that they would be able
to freely debond to the outer sides. Their stress state would thus be more heterogeneous
than the stress state of intermediate crack bridges and the failure would localize in these
cracks with a higher probability.
The next step in further developing the model will be the implementation of combined
continuous reinforcement with short fibers. In [59], it was – without further explanation
– stated that short fibers enhance the strength of concrete reinforced with continuous
textile far beyond the addition of the two components. The author of this thesis believes
that this synergy effect results from the much denser crack spacing caused by the addi-
tion of short fibers. Consequently, the continuous yarns experience the homogenization
described in course of this thesis and their effective strength is is increased.
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A Mean pull-out length
Oh and Finnie [93] have established a theory for the position of rupture of a brittle
material with random local strength. For fibrous composites, the theory was first used
by Evans and Thouless [122] to evaluate the position of fiber failure. Applying the
present notation to their result, the joint probability density function of fiber failure at
the distance z from the matrix crack while having the strain at crack plane εf0 is
h(εf0,z) = [1−GCBrξ (εf0)]
2m[εf0(1− z/a)]m−1
L0εm0
, (A.1)
with GCBrξ – the fiber-in-composite breaking strain distribution – derived in Appendix B
as Eq. B.8. Since the position of a fiber break and the fiber strain at the crack plane
are dependent variables, dividing the joint density function h(εf0,z) by the marginal
density function of the breaking strain gCBrξ (εf0) (Eq. B.10) yields the conditional density
function of the fracture position, given that the fiber breaks at εf0
gz(z|εf0) = h(εf0,z)
gCBrξ (εf0)
. (A.2)
Note that the terms [1−GCBrξ (εf0)] in h(εf0,z) and gCBrξ (εf0) cancel so that gz(z|εf0)
simplifies to
gz(z|εf0) = 2m[εf0(1− z/a)]
m−1
L0εm0
T L0
2Ef
(
ε0
εf0
)m
=
m
a
(1− z/a)m−1. (A.3)
These density functions gz(z|εf0) for various values of m are depicted in Fig. A.1a. For
values of m > 1, the fibers, as might be intuitively guessed, are most probable to fail
exactly at the crack plane position, where they have the highest strain. However, it may
seem paradoxical that for m < 1 (dashed line), the fiber breaks are most probable at
the very end of the debonded zone. This can be explained by the form of the hazard
rate of the Weibull distribution involved in the conditional density which, for m < 1, is
a monotonically decreasing function. Phenomenologically, it can be stated that fibers
which have a very high failure density at low strains and a low failure density at high
strains will probably sustain a further increase of tensile load given that their actual
strain has already exceeded the values with very high failure density. The fiber is at
higher strains already ’outside the dangerous zone of failure’. It can be remarked that
the transition between these two qualitative behaviors in failure positions, marked by
m = 1, corresponds to the exponential distribution [41].
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Figure A.1: Probability density functions for fiber break position (left); mean pull-out
lengths and corresponding fiber break probabilities (right)
To obtain the expected fiber failure position given that the fiber fails at the strain εf0, the
mean value of the density given by Eq. (A.3) is evaluated
µ`(εf0) =
∫ a
0
zgz(z|εf0)dz = EfT
εf0
m+1
=
a
m+1
. (A.4)
It is of interest for the mean composite crack bridge function to evaluate the overall
mean pullout length of all broken fibers at a given crack opening (Fig. A.1b). This
quantity shall be denoted µL(w) and is evaluated by integrating the mean pullout lengths
of broken fibers µ` over the range of strains from 0 to the actual strain εf0 (corresponding
the evaluated crack opening by Eq. 3.21) and normed with GCBrξ (εf0) (Eq. B.8). The
formula then yields
µL(w) =
1
GCBrξ (εf0)
∫ εf0
0
µ`(ε)gCBrξ (ε)dε. (A.5)
With a(ε) = εEf/T , µ` can be substituted by εEf/(T [m+1]) resulting in
µL(w) =
Ef
GCBrξ (εf0)T (m+1)
∫ εf0
0
ε gCBrξ (ε)dε (A.6)
which is, by the definition of Iξ in Eq. (3.39),
µL(w) =
EfIξ (εf0)
GCBrξ (εf0)T (m+1)
. (A.7)
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B Fiber-in-composite breaking strain distribution
The assumption of random fiber breaking strain is based on the fact that brittle fibers
are flaw-sensitive and the flaws can be assigned a value of strain to failure, which is
a random variable. The applied strain shall be denoted as ε and the strain to failure
distribution of the flaws F(ε).
General Weibull distribution form
Uniaxial tensile strain state is considered since it is relevant for brittle fibers subjected
to tensile loading. Given that reaching the strain to failure of either of the flaws leads
to the ultimate failure of the structure and, that the number of flaws N in the volume
of the structure is large, the distribution of strain to failure of the structure G(ε) can be
described by the weakest link model [93, 130]. For a constant tensile strain throughout
the whole structure, the strain to failure is defined as the minimum extreme of the parent
distribution F(ε)
G(ε) = 1− [1−F(ε)]N = 1− exp(N ln[1−F(ε)]) (B.1)
Provided that F(ε) has a lower bound εu and its left tail can be approximated by C0(ε−
εu)m, G(ε) has (for large N) the form
G(ε) = 1− exp [−NC0(ε− εu)m] (B.2)
which is known from the work of [130]. Weibull expressed the distribution in the form
G(ε) = 1− exp
[
−V
V0
(
ε− εu
εV0
)m]
(B.3)
where V is the total structure volume and εV0 is the Weibull scale parameter correspond-
ing to the reference unit V0.
In general, the total volume V can be subdivided into a series of n units ∆V which
are subjected to a variable strain εi with i = 1,2 . . .n. Assuming that the strain state
within the structure is uniquely defined by a reference strain εref, it can be described as
εi(εref,zi), where zi is the coordinate of εi. Given further, that the flaw strain to failure
distribution F(ε) is bounded at zero, the two parameter form of the Weibull distribution
for the strain to failure of the structure reads
G(εref) = 1− exp
[
−
n
∑
i=1
∆V
V0
(
εi(εref,zi)
εV0
)m]
(B.4)
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and as the size of ∆V approaches zero from above, the notation for the continuous form
becomes
G(εref) = 1− exp
[
−
∫
V
dV
V0
(
ε(εref,z)
εV0
)m]
. (B.5)
The shape of the distribution is controlled by the Weibull modulus m and the scale by
the scale parameter εV0 corresponding to the reference volume V0.
Application to fibers
The generally formulated strength distribution can now be applied to a fiber, which is
subjected to the longitudinal strain ε(εref,z). Since the strain is assumed constant within
the cross-section, two dimensions in the fiber’s cross-section plane can be reduced by
pre-solving the integral in the general Eq. (B.5). The integral is then to be performed
along the fiber axis z
G(εref) = 1− exp
[
−
∫
L
pir2dz
V0
(
ε(εref,z)
εV0
)m]
. (B.6)
Note that this approach considers only production flaws related to the material volume.
Another source of flaws on the surface with a different distribution might also be relevant
for the fiber breaking strain but this effect is neglected here. These modifications would
not affect the general form of the procedure derived below.
In the following, the fiber is assumed to be embedded in a composite with constant
bond stress τ along the fiber-matrix interface. Three cases are distinguished within the
evaluation of the breaking strain distribution function for fibers in composite: a) single
crack with rigid matrix b) single crack with elastic matrix c) multiple cracking with
periodic crack spacing `CS (see Fig. B.1a). These three cases differ in the strain profile
along a fiber.
a) The strain profile in the case of a single crack (or cracks far apart so that their
debonded zones do not overlap) is a linear function of z (Eq. 3.17) within the
debonded range a at one side of the crack (see Fig. B.1a black dashed line) and can
be uniquely described by its maximum value at the crack plane εf0. The random
fiber breaking strain ξ can now be defined as the value of εf0 at which the fiber
fails. Hence, the distribution of ξ is the probability Pr{ξ ≤ εf0} and can be written
using Eq. (B.6) as
ξ ∼ Pr{ξ ≤ εf0}= 1− exp
[
−
∫ a
−a
pir2dz
V0
(
εf0−Tzz/Ef
εV0
)m]
, (B.7)
where the distribution function for this particular case of a single crack bridge in
a rigid matrix shall be denoted GCBrξ (εf0). When the integral is solved and a is
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Figure B.1: Fiber breaking strain analysis: fiber strain profiles (a); breaking strain dis-
tribution functions in linear scale (b), breaking strain distribution functions
in Weibull plot (c).
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substituted by εf0Ef/T (Eq. 3.18 solved for a), the distribution function can be
written in the two parameter Weibull form (Fig. B.1b and B.1c black dashed line)
ξ ∼ GCBrξ (εf0) = 1− exp
[
−
(
εf0
ε0
)m+1]
(B.8)
with the scale parameter
ε0 =
(
T (m+1)εmV0V0
2Efpir2
)1/(m+1)
. (B.9)
Differentiating Eq. (B.8) with respect to εf0 then yields the density function of the
fiber breaking strain as
gCBrξ (εf0) =
∂GCBrξ (εf0)
∂εf0
=
m+1
ε0
(
εf0
ε0
)m
[1−GCBrξ (εf0)] (B.10)
b) Considering the matrix to be elastic, the fibers’ debonded lengths a will be shorter
than in the rigid matrix case (see Fig. 3.2). If the fiber is assumed not to break
within the compact cross-section, the distribution function for the breaking strain
of a fiber bridging a single crack in a composite with elastic matrix is given by
performing the integral in Eq. (B.7) within the ranges of the fiber debonded zone
(−a,a) as
GCBeξ (εf0) = 1− exp
[
−
∫ a
−a
pir2dz
V0
(
εf0−T z/Ef
εV0
)m]
(B.11)
yielding
ξ ∼ GCBeξ (εf0) = 1− exp
[
−
(
εf0
ε0
)m+1 [
1− (1−a/a0)m+1
]]
, (B.12)
where a0 = εf0Ef/T is the debonded length of the fiber with the given strain state
if the matrix was rigid.
c) In the case of multiple cracking, meaning that the crack spacing is smaller than
twice the debonded length `CS < 2a, the fiber strain has a ’saw tooth’ profile along
z (see Fig. B.1a gray dashed line). If a fiber breaks at the position z, its strain
drops to zero at z and is built up again with growing distance from the break until
it reaches the strain value of intact fibers at z± a. Beyond this range, the fiber
strain state is unaffected by the fiber rupture at z. Therefore, only the strain state
in the range z ∈ (z−a,z+a) has to be considered when evaluating the probability
of failure of a fiber at z (Fig. B.1a).
The exact Gξ (εf0) (Fig. B.1b and B.1c gray dashed line) was computed by nu-
merical integration of the saw tooth profile substituted for ε(εref,z) in Eq. (B.6).
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However, since this is computationally demanding, several analytical approxima-
tions have been derived in the past. In [28,102], the authors approximate the strain
profile by a constant at the peak value (Fig. B.1a dash-and-dot). This approxima-
tion is meant for the ultimate state of composites where it gains accuracy as the
crack spacing becomes very dense and the fiber strain is high. The corresponding
distribution for the constant strain approximation is of the form Eq. (B.8) but the
scale parameter is adapted as
ε0 =
(TεmV0V0
2Efpir2
)1/(m+1)
. (B.13)
The author of this thesis proposes a distribution function that takes the saw tooth
strain profile into consideration. However, the very outer saw tooth (at the distance
a0 from the evaluated cross-section) is approximated as depicted in Fig. B.1a (gray
dashed vs. black solid line). More precisely, the integral along z of the m+
1st power of εf is linearly approximated for the outer saw tooth, but Fig. B.1a
gives an idea of the approximation error which is found to be very small (see
the comparison of the exact solution and the proposed distribution in linear scale
Fig. B.1b and Weibull plot Fig. B.1c). The proposed distribution involves the
integral in the form
GMCξ (εf0) = 1− exp
[
−2a0
`CS
∫ `CS
−`CS
pir2dz
V0
(
εf0−T z/Ef
εV0
)m]
, (B.14)
where ε0 is the scale parameter defined by Eq. (B.9) and the superscript MC denotes
multiple cracking. This equals the integration of the m+1st power of a single ’saw
tooth’ and the multiplication of the integrated value by the number of these teeth
within the 2a0 range, i.e. by 2a0/`CS. The resulting form of the ξ distribution is
then
ξ ∼ GMCξ (εf0) = 1− exp
[
−2a0
`CS
(
εf0
ε0
)m+1 [
1− (1− `CS/2a0)m+1
]]
(B.15)
which converges to the conservative approximation derived in [28,102] in the limit
`CS→ 0 but is more accurate when the crack density is not very high, i.e. 2a0/`CS
is close to 1 (see Fig. B.1b and B.1c).
Combining the two introduced distributions GCBξ (for either of the rigid matrix or elastic
matrix cases) and GMCξ , the fiber failure probability can be written generally for positive
tensile load as
Gξ (εf0) =
{
GCBξ (εf0) : a< `CS/2
GMCξ (εf0) : a> `CS/2
(B.16)
This distribution can be used for steadily increased loading of a composite which in-
volves solitary cracks formation in the early loading stages and increasing crack density
145
up to a saturated state with constant crack spacing upon further load increase. The ac-
curacy of this distribution is only reduced somewhat when the ratio of a0/`CS ∈ (0.5,1)
but remains conservative.
Let us note that ε0 is related to the normalizing scale parameter σc used commonly in
the literature (e.g. [28,57,61]) as ε0 = (m+1)1/(m+1)σc. In this study, however, it would
be of little benefit to use this normalization since τ and r (and consequently also the
normalizing scale) are random variables.
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C Analytical evaluation of the mean composite strength
For the evaluation of the mean composite strength, it is convenient to use the substitution
k =
√
T/Ef so that εf0 = k
√
w. Derivatives of the two summands from Eq. (3.40) with
respect to w are taken in order to evaluate the maximum. The derivative of the first one
µ intactσc,ξ (w), is
∂µ intactσc,ξ (w)
∂w
=
EfVf[1−GCBrξ (k
√
w)]
2
√
w
[
k− k
m+2 (m+1)w
m+1
2
εm+10
]
(C.1)
and the derivative of the second one µbrokenσc,ξ (w) is
∂µbrokenσc,ξ (w)
∂w
=
EfVf[1−GCBrξ (k
√
w)]
2
√
w
km+2w
m+1
2
εm+10
. (C.2)
Setting the sum of the derivatives to zero provides the equation for w? – the stationary
point of the function and the crack opening at which the maximum composite stress is
attained
∂µ intactσc,ξ (w)
∂w
+
∂µbrokenσc,ξ (w)
∂w
= 0 (C.3)
this yields
k− k
m+2 mw?
m+1
2
εm+10
= 0 (C.4)
and therefore
w? =
Ef
T
ε20 m
− 2m+1 . (C.5)
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D Matrix strain and debonded lengths
This appendix presents the derivation of the two unknowns in the fiber crack bridge func-
tion Eq. (4.7): the matrix strain εm(a) and the debonded length a(w, X). The derivation
is based on the differential equilibrium equation Eq. (4.17) and the kinematic constraint
given by the crack opening Eq. (4.18).
With the assumption that fibers do not reach their strength, the sampling space includes
two random variables X ∈ {τ,r}. It has been derived in Sec. 4.2.2 that the derivative of
the matrix strain at the position z is, for a large number of fibers, given by
ε ′m(z) =
µt,X(z)
µKcs,X(z)
. (D.1)
The variable µt,X(z) is the mean bond intensity, i.e. the mean value of the force trans-
mitted by debonded fibers into the matrix, given by
µt,X(z) =VfE[T νf(r) ·H(a(X)− z)] (D.2)
and µKcs,X(z) is the mean compact composite stiffness given by
µKcs,X(z) = Em(1−Vf)+Ef(Vf−E[νf(r) ·H(a(X)− z)]). (D.3)
Both variables include the longitudinal position z in the Heaviside term. This ensures
that the expected value is evaluated only for values from the sampling space X which
satisfy the condition a(X)> z. If a(X)< z, the Heaviside function is zero. However, the
debonded length a is unknown beforehand so that the Heaviside term cannot be directly
evaluated. A direct evaluation is only possible with a transformation of the control
variable. Knowing that a increases monotonically with decreasing absolute value of the
fiber strain derivative which is defined in Eq. (4.4) as
ε ′f,X(X) = Tz(X)/Ef, (D.4)
a particular value of the fiber strain derivative ε ′f can be taken as control variable in
Eq. (D.1). The new control variable ε ′f represents an iso-line in the sampling space
X ∈ {τ, r} with constant values T = 2τ/r and can be interpreted as a representative
fraction of fibers having the ε ′f slope of longitudinal strain within their debonded range.
A higher absolute value of ε ′f corresponds to fibers with a higher bond intensity which
means that they have shorter debonded lengths and higher peak stresses (see Fig. 4.2).
Eqns. (D.2) and (D.3) with ε ′f as control variable are redefined in the following way
µt,X(ε ′f) =VfE[T νf(r) ·H(ε ′f,X(X)− ε ′f)] (D.5)
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and
µKcs,X(ε
′
f) = Em(1−Vf)+Ef(Vf−E[νf(r) ·H(ε ′f,X(X)− ε ′f)]). (D.6)
With this transformation of the control variable, the unknown debonded length a(X)
in the Heaviside term was substituted by the fiber strain derivative ε ′f,X(X), a continu-
ous function spanning the whole sampling space X given by Eq. (D.4), and the control
variable z was substituted by ε ′f .
Since the Heaviside terms in Eqns. (D.5) and (D.6) have the function of ’cutting off’ the
domain for integration by setting a part of it to zero, the same effect can be achieved by
appropriately setting the integration ranges. This is achieved by performing the integra-
tion over the subspace Xˆ of the sampling space X that satisfies the condition |ε ′f,X|> ε ′f
µt,X(ε ′f) =
x
Xˆ
T νf(r)grτ(r,τ)dX, (D.7)
and
µKcs,X(ε
′
f) = (1−Vf)Em+Ef
Vf−x
Xˆ
νf(r)grτ(r,τ)dX
 , (D.8)
where grτ(r,τ) is the joint probability density function of the two random variables τ
and r. Eq. (D.1) with the substitution of Eqns. (D.8) and (D.7) becomes
ε ′m(ε
′
f) =
dεm(ε ′f)
dz
=
µt,X(ε ′f)
µKcs,X(ε ′f)
, (D.9)
which is the value of the matrix strain derivative with respect to z at the end debonded
length of the fiber with strain derivative ε ′f .
In order to obtain the matrix strain profile εm at a position z, its derivative ε ′m has to be
integrated from 0 to z. With the transformation of the control variable to ε ′f , the matrix
strain derivative ε ′m is integrated over the variable ε ′f,X from −∞ to ε ′f . The integrated
term has to be multiplied by the differential dε ′f,X ·∂a/∂ε ′f,X which relates the variables
a (having the same dimension as z) to ε ′f,X so that
εm(w,ε ′f) =
∫ ε ′f
−∞
ε ′m(ε
′
f,X)
∂a(w,ε ′f,X)
∂ε ′f,X
dε ′f,X. (D.10)
Note that the fiber with infinite strain slope ε ′f,X =−∞ corresponds to an infinitely short
debonded length a = 0. The derived equation solves the first unknown in the fiber crack
bridge function – the matrix strain value – but only as controlled by the fiber strain
derivative. To fully solve the problem, the relation between the debonded length a and
the fiber strain derivative ε ′f,X is further needed.
The differential in Eq. (D.10) is derived below in course of the evaluation of the second
unknown, the debonded length a as a function of ε ′f,X. Since the definition of a(ε
′
f,X)
depends on the boundary conditions for the debonding of fibers (see Fig. D.1), it is
derived for the respective cases separately in the following sections.
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Figure D.1: Strain profiles in fibers and matrix under various boundary conditions for
fiber debonding.
D.1 Free debonding
If fibers can freely debond, i.e. their debonding is not restraint e.g. due to interaction
with a neighboring crack, the strain fields are symmetrical about the crack plane and
only one symmetrical half of the filed can be considered (see Fig. D.1a). In the follow-
ing, the positive half-space is considered (positive z values). Without loss of generality,
Eq. (4.18), which defines the crack opening as the integrated difference between the fiber
and matrix strain, can be written in the form
w
2
=
∫ a
0
εf,X(z)− εm(z)dz =
|ε ′f,X|a2
2
+ εm(a)a−um(a), (D.11)
where εf,X(z) and εm(z) are the fiber and matrix strain, respectively, ε ′f,X = Tz(X)/Ef is
the fiber strain derivative with respect to z given by Eq. (4.4) and um(z) is the longitudinal
matrix displacement given by the integration of εm along z.
In order to obtain the function a(ε ′f,X) which assigns debonded lengths to fibers with
strain slope ε ′f,X, the partial derivative of Eq. (D.11) with respect to ε
′
f,X is taken
∂w
∂ε ′f,X
=
∂ |ε ′f,X|a2
2∂ε ′f,X
+
∂εm(a)a
∂ε ′f,X
− ∂um(a)
∂ε ′f,X
, (D.12)
which, after applying the chain rule for derivatives and writing εm(ε ′f,X) instead of εm(a),
yields the equation
0 =
a2
2
+ |ε ′f,X|
∂a
∂ε ′f,X
a+ ε ′m(ε
′
f,X)
∂a
∂ε ′f,X
a. (D.13)
Solving it for the differential ∂a/∂ε ′f,X and writing the dependencies explicitly results
in
∂a(w,ε ′f,X)
∂ε ′f,X
=− a(w,ε
′
f,X)
2
[
|ε ′f,X|+ ε ′m(ε ′f,X)
] , (D.14)
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which corresponds to the differential change of the debonded length a that goes along
with a differential change in ε ′f,X. Since it is a differential equation in separable form, it
can be directly integrated in the following way: Eq. (D.14) is written in the form
da
dε ′f,X
= f (ε ′f,X)g(a) (D.15)
with
f (ε ′f,X) =−
1
|ε ′f,X|+ ε ′m(ε ′f,X)
(D.16)
and
g(a) =
a
2
. (D.17)
Derived from Eq. (D.15), the following equality can be stated
1
g(a)
da = f (ε ′f,X)dε
′
f,X. (D.18)
Integrating both sides results in
G(a) = F(ε ′f,X)+C (D.19)
where G(a) is the primitive function of 1/g(a)
G(a) = 2ln(a) (D.20)
and F(ε ′f,X) is the primitive function of f (ε
′
f,X)
F(ε ′f,X) =
∫
f (ε ′f,X)dε
′
f,X (D.21)
which has to be solved numerically in general. The solution to a(ε ′f,X) is then obtained
by substituting Eq. (D.20) into Eq. (D.19) and solving it for a as
a(ε ′f,X) = G
−1(F(ε ′f,X)+C) = exp
(
F(ε ′f,X)+C
2
)
(D.22)
with the unknown constant C. The constant can be evaluated by stating that for ε ′f,X→
−∞ (fibers with an infinite strong bond), the debonded length will approach 0 and can
be in the limit described by the formula
a(ε ′f,X→−∞) =
√
w
|ε ′f,X|+ ε ′m
. (D.23)
The reasoning behind this statement is that close to the matrix crack (z = 0), the matrix
strain can be assumed linear and its derivative constant, which simplifies the relation be-
tween the debonded length and the crack opening w to the above equation (see Eq. (4.56)
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in Sec. 4.3 (limit case ’mono-filament in elastic matrix’) for derivation). The function
F(ε ′f,X), with the assumption of constant matrix strain derivative is
F(ε ′f,X→−∞) =
∫
f (ε ′f,X)dε
′
f,X =−ln(|ε ′f,X|+ ε ′m). (D.24)
Substituting Eqns. (D.23) and (D.24) into Eq. (D.22) yields√
w
|ε ′f,X|+ ε ′m
= exp
(
−ln(|ε ′f,X|+ ε ′m)+C
2
)
, (D.25)
which solves the constant C as
C = ln(w). (D.26)
The resulting form of a for fibers with free debonding as a function ofthe crack opening
w and ε ′f,X is then
a(w,ε ′f,X) = exp
(
F(ε ′f,X)+ ln(w)
2
)
=
√
exp
[
F(ε ′f,X)
]
w.
(D.27)
This solves the second unknown in the fiber crack bridge function Eq. (4.7) for fibers
with free debonding.
D.2 One-sided debonding
Fibers that have debonded up to the half distance L↓ between adjacent cracks at one
side of the analyzed crack can further only debond at the other side of the crack with
debonded length that are denoted as a1 for the one sided debonding. The kinematic
constraint for such fibers changes to
w =
∫ a1
L↓
εf,X(X,z)− εm(z)dz; a(w,X)> L↓ (D.28)
and corresponds to the shaded area in Fig. D.1b. Note that in this case, the stress profiles
are not symmetrical about the crack plane. Solving the integral results in
w = |ε ′f,X|
(
a21
2
+L↓a1−
L2↓
2
)
+ εm(a1)(a1+L↓)−um(a1)−um(L↓) (D.29)
which is, like in the section above, partially differentiated with respect to ε ′f,X. Since the
crack opening is a constant, its derivative with respect to ε ′f,X is zero and the partially
differentiated equation is of the form
0 =
(
a21
2
+L↓a1−
L2↓
2
)
+
∂a1
∂ε ′f,X
(a1+L↓)(|ε ′f,X|+ ε ′m). (D.30)
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Solving it for the ∂a1/∂ε ′f,X and with the dependies written explicitlt results in
∂a1(w,ε ′f,X)
∂ε ′f,X
=−a
2
1(w,ε
′
f,X)+2a1(w,ε
′
f,X)L↓−L2↓
2(|ε ′f,X|+ ε ′m)(a1(w,ε ′f,X)+L↓)
, (D.31)
which is a separable form and can be directly integrated following the procedure in the
section above with
g(a1) =
a21+2a1L↓−L2↓
2(a1+L↓)
(D.32)
and
f (ε ′f,X) =−
1
|ε ′f,X|+ ε ′m(ε ′f,X)
. (D.33)
The primitive function of 1/g(a1) can be solved analytically as
G(a1) = ln(a21+2a1L↓−L2↓) (D.34)
and the primitive function of f (ε ′f,X) has no general analytical solution, so that
F(ε ′f,X) =
∫
f (ε ′f,X)dε
′
f,X. (D.35)
Since
G(a1) = F(ε ′f,X)+C1 (D.36)
applies, the debonded length is obtained by inverting G(a1)
a1(ε ′f,X) = G
−1(F(ε ′f,X)+C1) =
√
2L2↓+ exp
[
F(ε ′f,X)+C1
]
−L↓. (D.37)
In order to find the unknown C1, the continuity condition for debonded lengths of double
sided and one sided debonding at the transition length L↓ is applied. The F(ε ′f,X) solving
the equation a = L↓ is calculated using Eq. (D.27) as
L↓ =
√
exp
[
F(ε ′f,X)
]
w
L2↓/w = exp
[
F(ε ′f,X)
]
F(ε ′f,X) = ln
(
L2↓/w
)
.
(D.38)
This expression substituted into Eq. (D.37) must solve also the equation a1 = L↓:
L↓ =
√
2L2↓+ exp
[
ln
(
L2↓/w
)
+C1
]
−L↓
2L2↓ = exp
(
ln
(
L2↓/w
)
+C1
)
C1 = ln(2w).
(D.39)
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which provides the value of the constant C1. This substituted into Eq. (D.37) allows
to solve the debonded lengths a1 for one-sided debonding as a function of the crack
opening w and ε ′f,X
a1(w,ε ′f,X) =
√
2L2↓+ exp
[
F(ε ′f,X)+ ln(2w)
]
−L↓
=
√
2L2↓+ exp
[
F(ε ′f,X)
]
2w−L↓.
(D.40)
D.3 Clamped fibers
For fibers, which are debonded at both sides of the crack up to the boundaries at distances
L↓ and L↑, the kinematic constraint (the crack opening) reads
w =
∫ L↓
L↑
εf,X(X,z)− εm(z)dz; a1(w,X)> L↑. (D.41)
which is the shaded area in Fig. D.1c. It can be integrated in the form
w = (L↑+L↓)εf0,X− T2Ef (L
2
↑+L
2
↓)−um(L↓)−um(L↑) (D.42)
so that the fiber crack bridge function becomes
εf0,X(w,X) =
w+T (L2↑+L
2
↓)/(2Ef)+um(L↓)+um(L↑)
(L↑+L↓)
. (D.43)
The matrix displacements um(L) are defined by integrating the matrix strain given by
Eq. (D.10)
um(L) =
∫ ε ′f,L,X
−∞
∂a
∂ε ′f,X
εm(ε ′f,X)dε
′
f,X, (D.44)
where the differential ∂a/∂ε ′f,X is a piecewise function given by Eqns. (D.14) and (D.31)
for the respective ranges of the debonded lengths a < L↓ and a > L↓. The integration
limit ε ′f,L,X is the value of the fiber strain derivative ε
′
f,X, which solves Eq. (D.27) for
a(ε ′f,X) = L↓ or Eq. (D.40) for a1(ε
′
f,X) = L↑ for the respective evaluations of either
um(L↓) or um(L↑).s
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